KNOT FLOER HOMOLOGY AND RATIONAL SURGERIES 



PETER OZSVATH AND ZOLTAN SZABO 

Abstract. Let K be a rationally null-homologous knot in a three-manifold Y. We 
construct a version of knot Floer homology in this context, including a description of 
the Floer homology of a three-manifold obtained as Morse surgery on the knot K. As 
an application, we express the Heegaard Floer homology of rational surgeries on Y 
along a null-homologous knot K in terms of the filtered homotopy type of the knot 
invariant for K. This has applications to Dehn surgery problems for knots in S . In 
a different direction, we use the techniques developed here to calculate the Heegaard 
Floer homology of an arbitrary Seifert fibered three-manifold. 



1. Introduction 

Heegaard Floer homology [24] is an invariant for closed, oriented three-manifolds Y, 
taking the form of a collection of homology groups which are functorial under cobor- 
disms. In [22] and [27], this invariant is extended to an invariant for null- homologous 
knots K. (Here, we say that a knot is null-homologous if its induced homology class 
in Hi(Y; Z) is trivial. If the induced homology class of a knot K C Y in Hi(Y; Q) is 
trivial, we call the knot rationally null-homologous.) The knot invariant takes the form 
of a Z © Z- filtration of the chain complex whose homology calculates the Heegaard Floer 
complex for Y. It is the filtered chain homotopy type of this filtered complex which 
depends on the particular knot K. 

The knot filtration gives rise to collection of chain complexes {A+(K)} s( zz and chain 
maps {v+: A+(K) — > B+} seZ and {h+: A+{K) — > B + } s& , where here B+ = 
CF + (Y) is a chain complex whose homology is the Heegaard Floer homology HF + (Y). 
Indeed, the homology groups of the chain complex Af(K) represents the homology 
HF + of sufficiently large integer surgeries on Y along K, in a sense which can be made 
precise (c.f. Theorem 4.4 of [22] and also [27]). (These complexes are defined in a more 
general setting in Section 3.) 

Suppose that K is a null-homologous knot in a three-manifold Y . Given a rational 
number r, let Y r (K) denote the three-manifold obtained by Dehn filling Y — nd(K) 
with a solid torus with slope r (with respect to the canonical Seifert framing of K). In 
the case where r is an integer, the Heegaard Floer homology of Y r (K) can described in 
terms of the above-mentioned data coming from the knot filtration, according to [25]. 
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The primary aim of this article is to generalize this construction to the case of Morse 
surgery on a knot K C Y which is only rationally null-homologous. (By Morse surgery, 
we mean here Dehn surgery on a knot which can be realized as the boundary of a 
single two-handle addition to [0, 1] x Y; in the case where K is null-homologous, this 
corresponds to Dehn surgery with an integral slope). This construction has new conse- 
quences even in the case of null-homologous knots in a three-manifold: since the result 
of Dehn surgery on a null-homologous knot K C Y can be viewed as Morse surgery 
on a knot in the connected sum of Y with a lens space, we obtain a description of the 
Heegaard Floer homology of Y r (K) in terms of the original knot Floer homology of K. 

Rather than introducing the generalization of the knot package to knots which are 
only rationally null-homologous in this introduction, which will require some additional 
material in its statement (c.f. Sections 3, 5, and 6 below), we focus now in the description 
of the Floer homology of Y r (K) when r is a rational number, and K C Y is null- 
homologous. 

As a preliminary point, recall that the Heegaard Floer homology of Y admits a direct 
sum splitting indexed by the set of Spin c structures over Y, which in turn is an affine 
space for H 2 (Y;7*). In particular, if K C Y is a knot in an integral homology sphere, 
then there is a splitting 

HF+(Y p/q (K)) - HF + (Y p/q (K),i). 



Fix an integer i, and consider the chain complexes 

At = 0(a,A+ (if)) and B+ = 0( S>J B + ), 



i-\-pS . 



where here |_^J denotes the greatest integer smaller than or equal to x, and all B 

L q J 

CF + (Y) . We view the above chain homomorphisms v + and h + as maps 

v + :(s,A+i ±E , i (K))^(s,B + ) and h + : (s, (K)) — (s - 1, B + ). 

Adding these up, we obtain a chain map 

D + . : At — ► Bt; 

i,p/q i i ' 

i.e. 

£) i/ g {( s ' a «)}-ez = {(s,b s )} seZ , 

where here 

b s = v^ } (a s ) + ^ +p(s - 1) j (as-i)- 

Let ^ p / q denote the mapping cone of D^ p ^ q . Note that ^ p / q depends on i only 
through its congruence class modulo p. Note also that Af and B+ are relatively Z- 
graded, and the homomorphisms vf and respect this relative grading. The mapping 
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cone can be endowed with a relative grading, with the convention that Df p ^ q drops 
the grading by one. 

This mapping cone, whose ingredients are extracted from the knot filtration, captures 
Heegaard Floer homology of p/q surgeries on Y along K, according to the following: 

Theorem 1.1. Let K C Y be a null-homologous knot, and let p, q be a pair of relatively 
prime integers. Then, for each i G Z/pZ, there is a relatively graded isomorphism of 
groups 

H*(X+ p/q )^HF+(Y p/q (K),i). 

The proof of Theorem 1.1 is based on generalization of the the knot filtration of [22] 
and [27] to the case of rationally null-homologous knots, together with a generalization 
of the integer surgeries description from [25] (where in fact Theorem 1.1 is proved in the 
case where q — 1). Note that in the more general case, the knot filtration is naturally 
a filtration by relative Spin c structures on the knot complement (rather than integers). 
Rational surgeries on K C Y can be realized as Morse surgeries on a knot in the 
connected sum of Y with a lens space. The resulting knot is gotten by forming the 
connected sum of K with a model (homologically non-trivial) knot in the lens space. 
Theorem 1.1 is then realized as a combination of a straighforward calculation involving 
this model knot, combined with a Kunneth principle for connected sums, followed by 
the general Morse surgeries description. 

We turn now to various applications of Theorem 1.1. 

1.1. Applications to knots with L-space surgeries. In Section 8, we give applica- 
tions of Theorem 1.1 to knots in S 3 which admit L-space surgeries. 

Recall that an L-space is a rational homology three-sphere Y whose Floer homology 
HF + in each Spin c structure is isomorphic (as a relatively-graded Z[?7]-module) to 
HF + (S 3 ). This is equivalent to the condition that HF(Y,s) = Z for each s G Spin c (F). 
Recall also [14], [17] that if Y is a rational homology three-sphere, then HF(Y,s) is a 
Q-graded group. Thus, the Heegaard Floer homology of an L-space is determined by 
the "correction term" function 

d: Spin c (F) — ► Q 

which associates to each s G Spin c (F) the degree in which HF(Y,s) is supported, 
compare also [6]. 

The set of L-spaces includes all lens spaces and indeed all three-manifolds with elliptic 
geometry, c.f. [16]; for more examples, see also [12]. Another interesting family is given 
by the branched double-covers of alternating knots in S* 3 , c.f. [20]. 

Let K C S* 3 be a knot in the three-sphere. Write its symmetrized Alexander polyno- 
mial as 

A K (T)=a + Y,a l (T + T- 1 ), 

i>0 
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and let 



CO 



(1) 



Note that for any knot C in S 3 , there is a canonical affine map Z/pZ = Spm c (S 3 , q (C)). 

Theorem 1.2. Let K C S 3 be a knot which admits an L-space surgery, for some 
r = - G Q with r > 0. Then, for all integers i with \i\ < j- we have that 



while for all \i\ > we have that U{K) = 0. 

In the case where q — 1, a version of the above theorem is established in [17] (c.f. 
Theorem 7.2 of [17]). Theorem 1.2 (in the case where q = 2) also gives the symmetry 
used in [15] to find an obstruction to a knot having unknotting number equal to one. 

The following is a quick consequence of this result, together with the fact that knot 
Floer homology distinguishes the unknot (c.f. [21]) (though alternative proofs could be 
given which model the proof in [9] more closely): 

Corollary 1.3. If S 3 j q (K) = S 3 j q (0) as oriented three-manifolds, then K = O. 

The above result, which was conjectured by Gordon in [8], was first established using 
Seiberg-Witten monopoles in [9]. Thanks to a theorem of Eliashberg and Etnyre (c.f. [4] 
and [5]), it is now possible to prove results of this type purely in the context of Heegaard 
Floer homology, see also [21]. 

1.2. On cosmetic surgeries. Let Y be a closed, oriented three-manifold, and K cY 
be a framed knot. Given a rational number r, let Y r (K) denote the three- manifold 
obtained by Dehn surgery along K with slope r (with respect to the initial framing). If 
there are two distinct rational numbers r and s with the property that Y r (K) and Y S (K) 
are homeomorphic (but the homeomorphism is not required to preserve the orientation 
inherited from Y), then the surgeries are called cosmetic. A pair of surgeries on K with 
r ^ s is called truly cosmetic if Y r (K) = Y S (K) as oriented manifolds. 

Amphicheiral knots have cosmetic surgeries; specifically, if K is an amphicheiral knot, 
then S 3 (K) = — S' 3 _ r (A'). The unknot O admits infinitely many truly cosmetic surgeries: 
Sp/ q {0) = Sp/ p+q {0). Lackenby [10] has shown that under general conditions on a 
knot K C Y, there are at most finitely many cosmetic surgeries, see also [2]. It is 
conjectured [2] that if Y r (K) = Y S {K), then Y — nd{K) admits an automorphism which 
carries the slope r to the slope s. 

The present state of Heegaard Floer homology - and specifically the surgery formulas 
given here - work best for excluding cosmetic surgeries on knots in S 3 . For example, 
we have the following result: 



(2) 



d(S 3 p/q (K),i)-d(S 3 p/q (0),i) = -2t L MjW, 
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Theorem 1.4. If K is a knot with Seifert genus equal to one, and S 3 (K) = S 3 (K) 
with r 7^ s, then S 3 (K) is an L-space. 

The conclusion of the above theorem places severe restrictions on K. In particular, 
according to results of [16], it follows that K must have the same knot Floer homology 
(and in particular the same Alexander poylnomial) as the trefoil knot T, and thus 
according to Theorem 1.1, S 3 (K) and S 3 (T) have the same (graded) Floer homology 
groups. For particular integers p, the existence of a truly cosmetic surgery on such a 
knot K with specified numerator p can be ruled out by an explicit, finite search. 

Theorem 1.5. Let K C S 3 and suppose that S*(K) = ±S*(K), then either S?(K) is 
an L-space or r and s have opposite signs. 

For the above theorem, both possible conclusions can hold. The simplest example is 
the unknot which admits cosmetic surgeries with positive slopes. A more interesting 
example of cosmetic surgeries with positive slopes is provided by the trefoil knot K, 
which has the property that Sg(K) = —Sg, 2 (K), c.f. [11]. Examples where r and s have 
opposite signs are given by amphicheiral knots. 

Our methods can be refined to exclude cosmetic surgeries for certain numerators p. 
We study here the case where p = 3. 

Theorem 1.6. Suppose that K C S 3 is a knot with the property that S 3 j q {K) = S^ ql (K) 
as oriented manifolds. In the case where p = 3, we can conclude that q = q' . 

1.3. Heegaard Floer homology of Seifert fibered spaces. We give some other 
applications of the general surgeries description along a rationally null-homologous knot. 
In Section 10, we use it to describe the Heegaard Floer homology of any Seifert fibered 
space whose first Betti number is even. 

1.4. Organization. This paper is organized as follows. In Section 2, we review some 
of the topological preliminaries required by the knot nitrations, including the notion 
of relative Spin c structures for three-manifolds with torus boundary. In Section 3, we 
give the construction of the knot filtration. In the next two sections, we turn to some 
properties of the knot Floer homology which are rather straightforward adaptations 
of the corresponding results for null- homologous knots ([22], [27]): the relationship 
between knot Floer homology and "large" surgeries on a rationally null-homologous knot 
(Section 4), and the Kunneth principle for connected sums of knots (Section 5). The 
first result is an ingredient in the Morse surgery formula from Section 6. In Section 7, 
we show how the Kunneth principle, together with the Morse surgery formula, give the 
rational surgery formula described in this introduction. In Section 8, we turn to knots 
which admit L-space surgeries. In Section 9, we give the applications of the rational 
surgery formula to the problem of cosmetic surgeries on a knot in S* 3 . In Section 10, 
we turn to the Heegaard Floer homology groups of Seifert fibered spaces with even first 
Betti number. 
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2. Preliminaries 

We recall some of the background material and notation which will be required for the 
construction of the knot filtration. The bulk of this material is about the constructions 
relating (doubly-pointed) Heegaard diagrams for knots, and relative Spin c structures 
for three-manifolds with boundary. We include also a few key properties of Heegaard 
Floer homology which will be used repeatedly throughout, see also [24]. 

2.1. Surgeries. Let K C Y be a knot, the boundary of a tubular neighborhood of the 
knot K is a torus T equipped with a canonical choice of (isotopy class of) embedded 
curve //, a meridian for K. A longitude for K is any embedded curve A in T which 
meets a meridian transversally in a single point. 

Given a homologically non-trivial, embedded curve 7 in T, we can form the three- 
manifold Y y (K) which is gotten by attaching a solid torus to Y — nd(if) so that 7 
bounds a disk in the attached solid torus. We say that Y 7 (K) is obtained from Y by 
Dehn surgery along K. In the special case where 7 is a longitude for K, there is a 
canonical two-handle cobordism from Y to Yy(K), and we say that Yy(K) is obtained 
from Y by Morse surgery on K. A choice of longitude for K is also called a framing of 
K. 

Let K C Y be a rationally null-homologous knot in a closed, oriented three-manifold, 
equipped with a framing A. Since K E Y has finite order, there is a pair of integers n 
and d with minimal absolute value which satisfy the property that 

(3) d ■ X — n ■ /J, E Hi(Y — K;Z), 

In particular, it follows that the induced homology class [K\] e H\{Y\'£) has order \d\. 
Here, and in the future, K x denotes a copy of K displaced into Y — nd(i^) using the 
framing A. 

2.2. Relative Spin c structures for three-manifolds with boundary. Following 

Turaev [30] , we say that two vector fields v\ and v 2 on a closed, oriented three- manifold 
are homologous if they are homotopic in the complement of a ball in Y. The set 
of homology classes of vector fields can be given the structure of an affine space for 
H 2 (Y;Z), and indeed, it can be identified with the space of Spin c structures over Y, 
Spin c (F). 

This construction can be readily generalized to the case of a three-manifold with 
torus boundary, c.f. Chapter 1.4 of [30]. Specifically, on an oriented three- manifold M 
with torus boundary, two vector fields V\ and t> 2 on M which vanish nowhere and point 
outwards at dM are said to be homologous if they are homotopic in the complement of 
a ball in the interior of M. The set of homology classes of nowhere vanishing vector 
fields can be naturally given the structure of an affine space for the relative cohomology 
H 2 (M,dM;Z). The homology classes of nowhere vanishing vector fields are called 
relative Spin c structures on M, and are denoted Spin c (M, dM ). 
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Let K C Y be a knot in a closed, oriented three-manifold, we can construct the three- 
manifold with torus boundary M = Y — nd(i^). In this case, we denote the relative 
Spin c structures over M by Spin c (F, K). 

Orienting the core of the solid torus, we obtain a canonical isotopy class of nowhere 
vanishing vector field which points inward at the boundary, and which has a closed 
orbit which is the core of the solid torus (with its given orientation). More explicitly, 
the isotopy class of this vector field on D 2 x S* 1 is characterized by the property that in 
the interior of the solid torus, w is everywhere transverse to the tangent planes to D 2 . 

Giving K an orientation (and denoting this oriented knot by K), we glue in this 
vector field w to obtain a natural map 

G yX . Spin c (F, K) — ► Spin c (F) 

which is equivariant with respect to the action by H 2 (Y, K; Z); i.e. letting 

i: H 2 (Y,K;Z) — ► H 2 (Y;Z) 

be the natural map, we have for each k G H 2 (Y : K; Z), 

Gy,K^ + k)=G Y ^(0 + i(k). 

As the notation suggests, G Y k depends on the orientation for K; indeed, for any £ G 
Spm c (Y,K), 

(4) G Y f(Z)-G Yt _ 1 r(Z)=PD\E\. 

Note that if Y is a three-manifold, and K C Y is a knot with meridian //, then the 
fibers of the map G Y k are the orbits of Spin c (Y,K) under the action by Z ■ PD[/i], 
where we think of PD[/x] G H 2 (Y, K; Z); i.e. G y> k realizes an identification 

Spin c (F, K) 

2.3. Doubly-pointed Heegaard diagrams. A doubly-pointed Heegaard diagram is 
a collection of data (E, oc, (3, w, z) where S is an oriented surface of genus g, a = 
{«!, a g } is a (/-tuple of homologically linearly independent, pairwise disjoint, embed- 
ded curves in S (a g-tuple of attaching circles), and (3 = {Pi, ...,f3 g } is another g-tuple 
of attaching circles, and w and z are two distinct pair of points in E — a± — ... — a g — 

- - - V 

A doubly-pointed Heegaard diagram gives rise to an oriented three-manifold Y to- 
gether with an oriented knot K C Y . The orientation on £ induces an orientation on 
U a (so that dU a = S), which can then be uniquely extended to an orientation over Y. 
The knot K is obtained as a union of two arcs, i] a and rip. The arc r\ a is gotten by 
connecting w and z in E — a\ — ... — a g , and orienting it as a path from w to z. This 
arc is then pushed into U a so that only its boundary meets £ (at w and z). The arc rjp 
is obtained in an analogous manner, only reversing the roles of the circles in a and (3. 
The oriented knot K is gotten by the difference 77^ — ^/3. 
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2.4. Relative Spin c structures associated to intersection points. Let (E, ex, (3, w, z) 

be a doubly-pointed Heegaard diagram. Fix x, y G T a n T^. There are paths 

a: [0,1] — >T a ,&: [0, 1] — > Tp 

with (9a = db = x — y. These paths can be viewed as arcs in E (supported inside the 
aUj3). The difference a — 6 is a closed one-cycle in E which is disjoint from w and z. 
Indeed, since E — w — 2: is a subset of Y — K, this one-cycle can be viewed as an element 
e(x,y) eH^Y-K-Z). 
We construct a map 

s w y. T a nl>— >Spin c (y,iiO, 

as follows (compare the analogous construction from [24]). A Heegaard diagram (E, a, (3, w, z) 
can be realized by a self-indexing Morse function /: Y — ► [0,3], with a single index 
zero and three critical point (and g index one and two critical points), together with a 
Riemannian metric g, for which E is the mid-level / -1 (3/2), ojj is the locus of points 
flowing out of the i th index one critical point (via gradient flow), and f3j is the locus of 
points flowing into the j th index two critical point. Thus, x G T a fl Tg can be thought 
of as a g-tuple of gradient flow-lines 7 X containing all the index one and two critical 
points. 

Now, the knot K is realized as a union of two flow-lines 7 W and ^ z which connect the 
index zero and index three critical points, meeting E in the points w and z respectively. 
The oriented knot K is gotten by ^ z — lw 

We construct a vector field representing the relative Spin c structure s w z (£) as follows. 

— * 

Modify the gradient vector field V/ in a neighborhood of the flows 7 X so that it has no 
zeros at any of the index one or two critical points. This modification involves a choice 
of nowhere vanishing vector field in a regular neighborhood of 7 X , but it will follow 
easily from the construction that this choice will not affect the relative Spin c structure 
of the induced vector field. Next, we modify the vector field in a neighborhood of ^ w 
to obtain a new vector field v which has no zeros at either the index zero or three- 
critical points. In fact, this can be achieved so that the knot K is a closed orbit of 
the resulting vector field, whose orientation as a flow-line agrees with the orientation 
induced from K. This v modification involves a choice X of nowhere vanishing vector 
field on the neighborhood of 7 W , with fixed behaviour on K. When calling attention to 
this choice, we write v = v(X). The resulting vector field v over Y is the vector field 
representing the Spin c structure s lu (x) G Spin c (F) associated to the intersection point 
x and reference point w, as described in [24] (and this fact is independent of the choice 
ofX). 

Our representative v has been constructed so that there is a neighborhood D2 x S 1 
of the closed flow-line {0} x S 1 = K (where here D 2 is a disk of radius two centered 
at the origin) with the property that the disks D 2 x 9 for any 9 G S 1 are transverse to 
the vector field v. Consider a concentric disk D 1 C D 2 . We can continuously extend 
V2 = v\y-d 2 *s 1 to a new vector field V\ = v i(x, X) over Y — D 1 x S 1 , by using a vector 
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field over (D2—D1) x S* 1 which is everywhere transverse to the annuli (D2 — D1) x 9, and 
which point towards the origin at dD\ x S 1 . Thus, the vector field v\ over Y — (D\ x S* 1 ) 
inherits the vector field v' which points outwards at the boundary. It is easy to see that 
the isotopy class of v\ is uniquely determined by the isotopy class of our initial vector 
field v. 

The induced relative Spin c structure V\ over Y — nd(QK) = Y — (Di x S* 1 ) depends, of 
course, on w, z, x, and our choice X, and we write it correspondingly as vi(w, z,x, X). 
It is easy to see that 

Gypiv^w, z, x, X)) = * w (x). 

It is easy to see that the induced relative Spin c structures over Y — nd(K) depends on 
the choice of X by 

Vi(w, z, x, X) — Vi(w, z, x, X') = a ■ PD[/i], 

where here a G Z is a universal constant (depending on only X and X'; in fact, it is 
even independent of the ambient three-manifold Y). We choose X now to satisfy a 
normalization condition as follows. 

Consider the unknot K C S 3 . An orientation K specifies a canonical relative Spin c 
structure s G Spin c (S' 3 , K). This is the relative Spin c structure represented by a 
vector field v over S* 3 — nd(K) = D 2 x S* 1 which is everywhere transverse to the disks 
D 2 . The direction is specified by the condition that v can be represented by a vector 
field with closed orbits which have linking number one with our original knot K. Our 
condition on X now is that for the standard genus one doubly-pointed diagram for the 
oriented unknot with a single intersection point x, the relative Spin c structure induced 
by vi(w,z,xl, X) is the canonical Spin c structure for the oriented unknot. 

With this choice for X, it is easy now to see that the relative Spin c structure 
underlying vi(w,z,x.,X) depends only on w, z, and x, inducing the required map 
s w y.T a nT p ^Spuf(Y,K). 

We investigate its dependence on w, z, and x in the following lemma. Continuing 
notation from [24], letting x, y G T a fl Tg, let vr 2 (x, y) denote the space of homotopy 
classes of Whitney disks connecting x and y, and for fixed 

p G E - an - ... - a g - f3i - ... - p g 

and (j) G 7r 2 (x, y), let n p {4>) denote the intersection number of with the submanifold 
{p} x Sym^^E) C Sym 9 (E). 

Lemma 2.1. Given x, y G T a fl Tg, we have that 

(5) ^(y)-5^(x) = PD[e(x,y)]. 
In particular, if there is some G vr 2 (x, y), then 

(6) s^ 2 (x) - s WjZ (y) = {n e {<f>) - n w {4>)) ■ PD[//]. 
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Proof. We begin by establishing Equation (5). Vector fields representing $ w z (x) and 
s wz (y) can be chosen so that they agree everywhere except in a regular neighborhood 
of e(x, y). It follows that s w z (x) and s wz (y) differ by some multiple of the Poincare 
dual of this curve (in the case where the curve is one). The fact that this multiple is 
one follows from the analgous property of s w (x) established in Lemma 2.19 of [24]. 

We turn to Equation (6). The homotopy class <p e 7r 2 (x, y) gives rise to a null- 
homotopy of e(x, y) inside Y . This null-homology meets the knot K with intersection 
number n 2 (0) — n w ((f>). Thus, it can be modified to give a homology of e(x, y) with 
(n z (ip) — n w (ip)) ■ PD[/i] in Y — K. Equation (6) now follows from Equation (5). □ 

2.5. Heegaard triples and relative Spin c structures. A Heegaard triple is a closed, 
oriented two-manifold E, equipped with three g-tuples of attaching circles, (E, a, (3, 7), 
c.f. [24]. This gives rise to a four-manifold X a p y which has three boundary components 
— Y a p, Yg 7 , and Y ai . (Of course, Y a p here denotes the three-manifold described by the 
Heegaard diagram (E,a,/3); F a7 and Yg 7 are defined analogously.) 

Suppose K C Y is a framed knot. We can construct a Heegaard triple (E, ck,/3, 7), 
where Y a p represents Y, Y ai represents framed surgery along K, and Yg 7 is a connected 
sum of g — 1 copies of S 2 x S 1 , and filling in Y# 7 by a boundary connected sum of 
g — 1 copies of Z? 3 x S' 1 , we obtain a four-manifold which is diffeomorphic to W\(K). 
This is obtained by first writing down a Heegaard triple with the property that K is 
supported entirely inside Up, as the core of one of the handles in the handlebody, and 
P g represents its meridian, and realizing the framing A as a curve 7 9 which is disjoint 
from the $ for % — 1, ...,g — 1. We then let 7, for i = 1, — 1 be small, isotopic 
translates of the corresponding We would like to choose convenient reference points. 
These are points w and z are chosen so that there is an arc from z to w which crosses 
none of the or r ) i for i = 1, g, or (5j for j = 1, g — 1, so that an arc from z to w 
crosses (3 g transverally once. An ordering on w and z is specified by an orientation on K 
We call such a doubly-pointed Heegaard triple (E, a, /3, 7, w, z) to be a doubly-pointed 
Heegaard triple subordinate to the framed, oriented knot K cY with framing A. 

By constructing the diagram carefully, we can arrange for there to be a unique in- 
tersection point G Tp H T 7 representing the generator G of the top-most non-trivial 
Floer homology group of HF(^ 9 ~ 1 (S 2 x S 1 )). We denote this intersection point, and 
its corresponding homology class, by 0. 

As in [24], we let 7r 2 (x, O, y) denote the space of homotopy classes of Whitney trian- 
gles, i.e. continuous maps of the triangle into Sym s (E) which map the three edges to 
T Q , Tp, and T 7 , and the vertices to the given points. In Section 8 of [24], it is shown 
that homotopy classes of triangles give rise to Spin c structures over X a ^p a . 

Proposition 2.2. Let (E, a, /3, 7, w, z) be a doubly-pointed Heegaard triple subordinate 
to an oriented knot K CY , equipped with framing A. The map 

ip e tt 2 (x, 0, y) ^ s^(x) + (n w (ip) - n z ty))n 
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descends to give a well-defined map 

Ey jXX . S P m c (W x (K)) ^S V m c (Y,K) 

(i.e. which is independent of the choice of Heegaard triple). Moreover, letting F G 
H-2,{W\{K), Y) = Z denote a generator, we have that 

(7) Ey^is + PD[F\]) = E Y ^( S ) + PD [K\] . 



Proof. Recall [24] that two triangles ip G 7r 2 (x, 0, y) and ip' £ ^(x', O, y') induce the 
same Spin c structure on W\(K) is and only if there are 0i G 7r 2 (x, x') (relative to the 
subspaces T a and T^) and 2 G ^(y', y) (relative to the subspaces T a and T 7 ) with 
the property that 

V{$) - V(if/) - P(0x) - = n • [E] 

for some integer n. (Here, as in [24], T>(ip) denotes the two-chain in £ induced by 
the homotopy class if>, whose multiplicity at some point p is the intersection number 
of tp with p x Sym 9_1 (S).) But now n„,(0 2 ) = n 2 (0 2 ) (since w and z lie in the same 
component of £ — ot\ — ... — a g — 71 — ... — j g ); combining this with the fact that 

s w , z (*') = SwA*) + M<Pi) - n z (<j>i)) ■ /i 
(Lemma 2.1), it follows that in this case 

W x ) + Mi') - n z {ip))^ = s w z (^) + (n w (ip') - n z (il/))fi. 

Independence of the Heegaard triple is a routine consequence that any two Heegaard 
triples can be connected by a sequence of stabilizations and handleslides among the a iy 
j3j for j — 1, g — 1, and the distinguished meridian (3 g handlesliding over the other 

We now verify Equation (7). Suppose that we have ip G 7r 2 (x, 0,y) and tp' G 
7r 2 (x',6,y). The difference T>(^) — T>(ip') gives a two-chain C in E, which has no 
corners on 7, for i — 1, g. The corners of C occur at x\ G x' and Xi G x. Indeed, the 
boundary of the two-chain consists of e(x, x') and some number of copies of the 7,. As 
such, it can be thought of as furnishing a homology 

e(x, x') = £ ■ >y g + (n w (ip - ip') - n z (ip - ^'))fi 

in the knot complement (we are thinking of A as a curve in the Heegaard surface; of 
course, it is identified with K\ thought of as a curve in the knot complement). Indeed, 
ip — ip' corresponds to a surface-with-boundary Z in the four-manifold underlying the 
Heegaard triple, whose boundary is supported entirely Y . The integer t corresponds 
to the multiplicity with which Z meets the cocore of the attaching two-handle. Thus, 
s w (if>) — 5 w (if}') = I ■ F, and the equation follows. □ 
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For a pointed Heegaard triple (E, a., (3, 7, z), the group of two-dimensional homology 
classes is identified with the group of relations a + 6 + c = 0in i/i(E; Z) where where 
a resp. b resp. c lies in the span of {[aj]}f =1 resp. {[A]}f =1 resp. {[t*] }f=i- These 
relations correspond to two-chains P in E with boundary a formal linear combination 
of the attaching circles, and with n z (P) = 0. Given a Whitney triangle ip G ^(x, y, w), 
there is a formula for the evaluation (ci(s 2 (■?/>)), [P]), where [P] denotes the second 
homology class corresponding to P, in terms of the Heegaard triple, c.f. Proposition 6.3 
of [14]. To describe this, we need two notions, the Euler measure of the periodic domain 
and the dual spider number of the triangle with respect to the triply-periodic domain. 

Let $: F — > E be a representative for P, where here $ is an immersion in a 
neighborhood of OF. The line bundle <3>*(TE) has a canonical trivialization over OF, 
since $ induces an isomorphism 

TF = $*(TE), 

and TF is canonically trivialized near dF (using the outward normal orientation on F). 
We define x(V) to be the Euler number of $*(TE), relative to this trivialization at dF, 

x(V) = (ci(&(TL),dF),F i ). 

Note first that the orientation of E, and the orientations on all the attaching circles 
ct, (3, and 7 naturally induce "inward" normal vector fields to the attaching circles (i.e. 
if 7: S* 1 — > E is a unit speed immersed curve, this inward normal vector is given by 
Jf ). Let a[, and 7l ' denote copies of the corresponding attaching circles a\, (3[, 
and 7l ', translated slightly in these normal directions. Let a', j3', and 7' denote the 
corresponding g-tuples, and V a , T^, and be the corresponding tori in Sym ff (E). By 
construction, then, u(e a ) misses T' a , u(ep) misses T^, and w(e 7 ) misses T^. 

Let x G A be a point in the interior, chosen in general position, so that the g-tuple 
u{x) misses all of ol' , , and 7'. Choose three paths a, b, and c from x to e , e\, and e2 
respectively. The central point x and the three paths a, b, and c is called a dual spider. 
We can think of the paths a, b, and c as one-chains in E. Recall that dV has three 
types of boundaries: the a, (3, and 7 boundaries, which we denote d a V, dpP, and d^V. 
Let d' a V, d'»P, and d'^V respectively denote the one-chains obtained by translating the 
corresponding boundary components using the induced normal vector fields. The dual 
spider number of u and V is defined by 

a(u, V) = n u(x) (V) + #(a H d' a V) + #(6 H fyV) + #(c n fyV). 

According to Proposition 6.3 of [14], 

(8) { Cl (s z (u)),H(V)) = x(V) + #(&P) - 2n z (V) + 2a(u,V), 

where here #((9P) represents the number of boundary components of V , with multi- 
plicity. 
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2.6. Filtered complexes. A Z © Z-filtered complex is a chain complex C whose un- 
derlying Abelian group decomposes as 

C= C{i,j}, 



and whose boundary operator d carries C{io, jo} into the subset 

C{i < t and j < jo} = C{i', j'} C C. 

{i',j'|i'<i and j'<j} 

A map /: C — > C between filtered complexes is called a filtered map if it carries 
C{i , jo} into C'{i < i and j < jo}. Two filtered chain maps 

f ,f i: C^C 

are called filtered home/topic if there is a filtered map H: C — > C with 

fo-fi = d'oH + Hod. 

Two filtered chain maps C and C are called filtered chain homotopy equivalent if there 
are filtered chain maps / : C — > C and g : C — >■ C with the property that fog and 
g o f are filtered homotopic to the corresponding identity maps. 

A Z © Z-filtered Z[?7]-complex C is a filtered chain complex equipped with an endo- 
morphism U : C — > C whose restriction to C{i,j} maps to C{i — 1, j — 1}. 

If C\ and C 2 are Z © Z-filtered Z[?7]-chain complexes, then we can form their tensor 
product C\ ®z[(7] C*2- This can be given a Z © Z-filtration by 

{(U >Jl),(»2 J2j| (ll Ji) + (12J2) = (m)} 

c/i • f i © 6 ~ 6 ® ^2 • 6 ' 

If C is a filtered complex, and (a, 6) G Z©Z, let C[(a, 6)] denote the filtered complex 
whose underlying chain complex is isomorphic, but whose filtration is shifted by (a, b); 
i.e. 

C[(a,b)]{hj} = C{a + i,b + j}. 

A relatively filtered map f : C — ► C is a chain map which respects the filtration on 
C and the filtration C"[(a, 6)] for some (a, 6) G Z © Z. 

2.7. Absolute gradings. Heegaard Floer homology is natural under cobordisms. In- 
deed, if IF is a smooth, connected, oriented cobordism with dW = —Y\ U Y 2 which is 
equipped with a Spin c structure s whose restriction = s|y 4 for i — 1, 2 has torsion first 
Chern class, then there is an induced chain map 

/+ :CF + {Y l ,i l )^CF + {Y 2 ,i 2 ) 



{C®C'){i,j} 
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which is homogeneous of degree 

(Q) Cl ( S y-2 X (W)-3a(W) 

(c.f. Theorem 7.1 of [14]). 

Let T+ denote the module Z[U, U' l ]/U ■ Z[U]. Recall [24] that HF + (S 3 ) T+. 
The Q-grading on Floer homology is characterized by Equation (9), together with the 
normalization that HF^(S 3 ) is trivial for all d < 0, non-trivial in degree d = 0. 

Following our usual notational conventions, we write TX for the module T + , thought 
of as a graded Z[C/]-module, where multiplication by U lowers absolute degree by 2, and 
the non-zero homogeneous elements of lowest degree have degree d. In this notation, 
then, HF + (S 3 ) = T+ y 

2.8. Approximating CF + . Following [25], it is useful to have the following approxi- 
mation to CF + (Y): fix an integer 5 > 0, let CF S (Y) C CF + (Y) denote the subcomplex 
which is annihilated by multiplication by U s+1 , and let HF S {Y) denote the homology 
of CF S (Y). In particular, for 5 = 0, this construction gives HF(Y). Note that for all 
5 > 0, HF S (Y) is a three- manifold invariant. 
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3. Construction of the knot filtration 

The aim of this section is to construct the knot filtration: a filtration of CF°°{Y) 
induced by a rationally null-homologous knot K C Y. Most of this discussion is a 
straightforward generalization of the corresponding constructions for null-homologous 
knots K C Y described in [22] and [27]. 

Let K C Y be a rationally null-homologous knot, and let (E, a, /3, w, z) be a corre- 
sponding doubly-pointed Heegaard diagram. 

For fixed f G Spin c (F,K), let T(f) C (T Q n 1» x Z x Z be the subset of elements 
satisfying 

(10) s^(x) + (*-j)-PD[/i]=e 

According to Lemma 2.1, if [x, e and e 7r 2 (x, y), then [y,i — n w (<f>),j — 

n z (<!>)] e 1(0- 

Let CFK 00 ^, a, f3,w, z,£) be the chain complex generated by [x, i,j] e en- 
dowed with the differential 

3P°[x,i,j]= E #(^) -[y^-^(0),j-n 2 (0)], 

{^ 2 (x,y)| MW =l} 

where as usual, M. (0) is the moduli space of pseudo-holomorphic representatives of <j>, 
and n(4>) denotes its expected dimension. 
The map 

T: 1(0 — > Z©Z 

given by jF[x, i, j] = induces a Z © Z filtration on CF_ft' 00 (S, a, /3, w, z). 

Theorem 3.1. The filtered chain homotopy type of CFK°°(E, a, (3,w,z,£) is an in- 
variant of the underlying oriented knot K C Y and choice of relative Spin c structure 
£eSpm c (Y,K). 

Proof. This is a routine adaptation of the corresponding statement in Theorem 3.1 
of [22]. ' □ 

We denote this complex by CFK°°(Y, K,£). 
Proposition 3.2. Let Q = CFK°°(Y,K,Z). We have that 

6Vpd M = Q[(0,-1)]. 
The short exact sequences of 'Z[U]~ chain complexes 

► < 0} ► C 5 ► Q{i > 0} ► 

and 

► C £ {i = 0} ► Q{i > 0} — C(.{i > 0} ► 
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► CF~(Y,s) ► CF°°(Y,s) ► CF + {Y,s) ► 0, 

and 

► CF{Y,s) ► CF + {Y,s) — CF + {Y,s) > 

respectively, where here s = G Y jc(£)- Similarly, the short exact sequences of Z,[U]-chain 
complexes 

► Q{j < 0} ► Q > Q{j > 0} ► 

and 

► Q{j = 0} ► Q{j > 0} -^U Q{j > 0} ► 

are isomorphic to the short exact sequences 

o ► CF-(y,s') ► CF oo (y,fi / ) ► CF+(y,s') ► o, 

and 

► CT(F,s') > CF+(Y,s') — ^ CF+(y,5') > 0, 

where here s' = Gy-xiO- 

The set of relative Spin c structures G~^(s) inducing a fixed Spin c structure over Y 
is a well-ordered set, under the rule that £i < £ 2 if £2 = £i + J ' PD[//] for some j > 0. 

This ordering on relative Spin c structures gives rise to an ordering of the generators 
of CF(Y) by £ i— > s w 2 (£). It is easy to see that this ordering gives rise to a filtration of 

the complex CF(Y) = © xg T a nT^ ^ x endowed with the usual differential 

{yeT a nT^ | ji„,(0)=o,ji(0)=i} 
The homology of the associated graded object is the knot Floer homology 

HFK(Y,K)= HFK(Y,~K,£), 

ge s P in e (y,x) 

where HFK(Y,K,£) is generated by x with s (x) = £, and whose differential counts 
holomorphic disks with n w ((f>) — n z {4>) — 0. 
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3.1. Relationship with knot Floer homology for null- homologous knots. If 
K C Y is a null- homologous knot, then a choice of Seifert surface for Y gives an 
identification Spin c (F, K) = Z©Spin c (F). Thus, with this additional choice, we identify 
the Spin c (F)-filtration of CF(Y,s) with a Z-filtration. This identification is used, for 
example, in [22], where the knot filtration is described as a filtration by Z, rather than 
by relative Spin c structures. 

For example, if K is a knot in S* 3 and s is an integer, then HFK(S 3 ,K,£) in the 
present notation corresponds to HFK(Y, K, s) for s G Z in the notation from the 
introduction or [22], where here s and £ are related by Ci(£) = 2sPD[//]. 
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4. Knot Floer homology and large surgeries 

We describe here the result of forming "large surgeries" on a rationally null-homologous, 
framed knot K C Y. This result generalizes a corresponding result in the null- 
homologous case, c.f. [22] and [27], and it is a special case of Theorem 6.1 

Let Y be a knot given with framing A. We can form a three-manifold Y mfJl+ \(K) 
obtained by filling the curve m ■ \x + A in Y — nd(K). Let 

W^{K):Y m , +x {K)^Y 

denote the two-handle cobordism obtained by turning around the two-handle cobordism 
from -Y to -Y m .^ +X (K). Note that 

H 2 (W^(K),Y;Z)^Z, 

and let F C W^(K) be a surface-with-boundary representing a generator. Clearly, 
PD[F]| y = PD[K] e H 2 (Y;Z). Note that for sufficiently large m, the self-intersection 
number of F is negative. 

Let K C Y be an oriented knot in a three-manifold Y, whose induced homology class 
is trivial in rational homology. We fix also a framing A of K. For a fixed relative Spin c 
structure f G Spin c (Y, if), let Q be the Z © Z-filtered chain complex CFK°°(Y,~K,£). 
There are two projection maps 

(11) C ( {max(i,j) > 0} — ► C^{i > 0} and C ? {max(i, j) > 0} — ► Q{j > 0}. 
Denoting 

(12) A+(y,Z) = Q{max(*,j)>0} and s + (y> = CF + (Y : G Y ^)) 
and using the identifications (from Proposition 3.2) 

Q{< > 0} = L7F+(F, G y>y (0) and Q{j > 0} - CF + (F, (3^(0) = CF + (Y, G Y ^ + PD[tf A ]), 

where here K\ is the push-off of K inside Y — K using the framing A, we can view the 
canonical projection maps of Equation (11) as maps 

(13) v+:A+(Y,K)^B+(Y,K) and h+ : A+(Y, K) — B+ + mKx] (Y, K). 

Theorem 4.1. Lei if C F be a rationally null-homologous knot in a closed, oriented 
three-manifold, equipped with a framing A. Then, for all sufficiently large m, there is a 
map 

~: Spin c (y m . At+A (if)) — > Spin c (r,if) 

£/ie property that for all t e Spin c (F mM+A (if )), £/ie group CF + (Y m . fM+ x(K),t) is 
represented by the chain complex 

A+ (t) = Q{max(i,j) > 0}, 

m t/ie sense t/iat t/jere are isomorphisms (of relatively Z-graded Z[U}- complexes) 

*+ m : CF+(Y m .„ +x (K),t) — > A+ t) (F,Z). 
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Furthermore, fix t G Spm c (Y mfJi+ \(K)) , and let £ = S(t). There are Spin c structures 
p, rj G W^l^O w ^ -^y,m^+A,x(f) = = P + PD[-^] with the property that the maps 

vt and ht correspond to the maps induced by the cobordism W^K) equipped with p and 



rj respectively. More precisely, the following squares commute: 



and 



CF+{Y m .^ +x {K),i) 



t,n 



At(Y,K) 



CF+(Y m , +x (K),t) 



A+(Y,K) 



'w^(jr), rs 



J M / A I (K),t )s 



CT+^GV,^))) 



cf+(y,gv WO) 



^ ' ^ 5+PD[K] 

The following result is also easy consequences of the proof: 

Proposition 4.2. Lei K C Y be a rationally null-homologous knot in a closed, oriented 
three-manifold, equipped with framing A. For any 5 > 0, there is an integer N with the 
property that for all m > N and all t G Spin c (y m . M+ A(-ft')) ; there are at most two Spin c 
structures in Spm c (W m .^ + \(K)) with restriction to Y m .^ + \{K) equal to t for which the 
induced map 



,: HF*{Y m .^ x {K),t) -^HF'{Y) 



is non-trivial. These are the Spin c structures p and rj associated to t from Theorem 4-1 
above. 

We return to the proofs of Theorem 4.1 and Proposition 4.2 after some preliminary 
discussion and lemmas. 

We work with a family of doubly-pointed Heegaard triples for the framed knot K 
(E, at, (3, 7, w, z), so that there are identifications Y a ^ = Y mfi+ x(K), Yp tl = ^^(S 2 x 
•S* 1 )) Ya,p — Y. We can give Heegaard triples for all of the W' m which differ only in 
7 9 , which winds along the meridian ji. We call this region the "winding region" (c.f. 
Figure 1 for an illustration of a winding region; in this picture, the subscript for ^ g is 
dropped). 

Definition 4.3. An intersection point x G T^nT^ is said to be supported in the winding 
region if its component along 7 9 lies in the winding region. Given x, y G T a fl T 7 (both 
supported in the winding region), we say that <fi G ^(x, y) is supported in the if segment 
ofd(V((p)) in 7 9 is a subset of the winding region. (Note that if 4> G 7T 2 (x, y) is supported 
in the winding region, then so is any <p' G vr 2 (x, y).) An equivalence class of intersection 
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point for Y m .^ + \ is said to be supported in the winding region if every intersection point 
in the equivalence class is supported in the winding region, and any two intersection 
points can be connected by Whitney disks supported in the winding region. Finally, 
ip G 7r 2 (x, 0,y) is said to be a small triangle if the 7 9 arc in dV(ip) is supported in the 
winding region. Note that in this case, y is the "closest point" in T a n Tp to x. 

Definition 4.4. The depth of a basepoint z in the winding region is the minimum 
absolute value of the algebraic intersection number ofj g with any arc A C S— ol\ — a g 
which connects z with some basepoint z outside the winding region with z. Given an 
integer e > 0, we say that z is e-centered if its depth is less than or equal to (m — e)/2. 
Similarly, a choice of meridian fj, is called e-centered if each point z G n is e-centered. 

For a Heegaard diagram with an e-centered meridian, with basepoints w and z on 
either side of /i. Then, for each small triangle ip, we have that at least one of n w (ip) or 
n z (ip) = 0, and also 

m — e 

(14) max(|n TO (V>)|, MVOI) < ■ 

This is an immediate consequence of the definitions. 

Lemma 4.5. There is an integer e > with the property that for all sufficiently large 
m, each t G Spm c (Y miI+ \(K)) can be represented by an equivalence class of intersection 
points supported in the winding region and an e-centered choice of meridian. 

Proof. If an equivalence class of intersection points in T a n T 7 is not supported in 
the winding region, we say it is bad. It is clear that for all large m, the set of bad 
equivalence classes is bounded. We choose e so that 2e is greater than this number. 
Now move the basepoint as needed. □ 

Given f G Spin c (F, K), define 

CF°°(Y m .^(K),i) — CF°°(Y,K,{) 



J/ 




p 












1 / 

A 


X 


/ a 








/. 









Figure 1. Illustration of the Heegaard triple The integers denote 
(non-zero) local multiplicities of the "small triangle" connecting x and x' . 
This picture is taking place in a cylindrical region in S. 
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by 

*f[x,i]= E (#X(V))-[y,i-n^),i-n^)], 

yeT a nT^ {l/ , 67r2(x e y) I B ^ w {Sw m=0} 

where here x represents s w (ip) \y m +x {k)- We claim that this is a chain map. 

Given t G Spin^Y^+^-fT)), we realize t by an equivalence class of intersection points 
supported in the winding region. Define £ = S(t) by 

f = s w , z (x) + {n w {ip) - n z {ip)) ■ n, 

where ip G ^(x', 0,x) is any small triangle connecting an intersection point x' G 
T a fl T 7 representing t with its "nearest point" x G T a fl Tg. The restriction of to 
C F + (Y mil+ \(K) , t) induces a chain map 

*+: CF + (Y mfl+x (K),t) — 

Proof of Theorem 4.1. The argument from [22] shows that induces an isomor- 
phism. Post-composing with the projection C^{max(i, j) > 0} to C{i > 0} (i.e. t> + ), 
we obtain the map induced by the cobordism W^K) equipped with the Spin c structure 
y s ; i.e. the first square in the statement of the theorem commutes. Commutativity of 
the second square follows similarly. □ 

Lemma 4.6. There is a constant c with the property that for all sufficiently large m, 
for any of the Spin c structures {j(t), l)(t)}teSpm c (y mfl+A (E')) appearing in Theorem 4-1, we 
have that 

-c < (ci(y),[-Fj) <2m + c 
-2m - c < (ci(t)), [F]) < c. 

Proof. There is a constant C (depending on x G T a fl T^, but independent of m) with 
the property that for any small triangle ip G ^(x', 6,x), 

(15) (ci(s w m, [F]) + [F] -[F] — C+ 2(n w (^) ~ n z ^))- 

This can be seen as follows. Consider the function 

/(x) = ( Cl (s w (M [F]) - 2{nM - n,m, 

where here G ^(x', 0,x) is a small triangle. We claim that this is independent 
of the choice of x'. This can be seen by varying x', and appealing to Equation (8). 
Similarly, to verify its independence of m, it suffices to consider a fixed small triangle 
ip G 7T2(x, @,x'), and observe that (ci(s w (ip)), [F]) increases by one as the number m is 
increased by one, and furthermore [F] ■ [F] also decreases by one. Note here that by 
"fixed small triangle" , we mean that x is fixed, as is n w (ip) — n z (ip), though, of course, 7 S 
is varied. This assertion is an easy consequence of Equation (8). More specifically, with 
the integer d chosen as in Equation (3), we see that dF can be represents a generator 
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of H2(Wl n (K);Wi). Specifically, let V m be a generator for the space of triply-periodic 
domains, and write <9["P m ] = A + B + C , where A, B and C are first homology classes in 
the spans of a, j3, and 7 respectively. In view of Equation (3), dV m has C component 
given by d(mfi + A) and B component — (dm + n)/z, modulo the other $ for i < g. 
Thus, #(dV m ) = dm + c for some constant c. It is easy to see that the other quantities 
in Equation (8) are independent of m. 

Thus, we have seen that for any small triangle ip G ^(x', 0,x), 

( Cl (s w (M [F]) + [F] ■ [F] - 2(n w (i>) ~ n,(V0) 

depends only on x G T a H Tp. Since there are only finitely many intersection points 
T a fl Tp, it follows that there is some constant C with the property that 



(16) (ciMV), [F]) + [F] ■ [F] - 2(n w (i>) ~ n z {^)) 



<c. 



By restricting to e-centered base points for some integer e independent of m (which we 
can do in light of Lemma 4.5), we can arrange for 2\n w (ip) —n z (ip)\ < m — e for all small 
triangles (c.f. Equation (14)). The result now follows, bearing in mind that y = s w (^), 
and X) = s z (if)) = -PD[F]. □ 



Proof of Proposition 4.2. We choose m large enough that W^(K) has negative- 
definite intersection form. Given t G Spin c (y), let ©(t) G Spin c (W^K)) denote the 
set of Spin c structures whose restriction to Y is t. This set &{t) has the form {sq + n ■ 
PD[F]} neZ for some fixed s e Spm c (W^(K)). The function n i-> ci(s + n • PD[F]) 2 is 
a quadratic function of n which is bounded above. 

Choosing m larger than the constant c from Lemma 4.6, it follows easily that Ci(rj) 2 > 
ci(tj + PD[F]) 2 , while ci(f) 2 > Ci(y - PD[F]) 2 . Since t) = y + PD[F], it follows readily 
that at least one of Ci(y) 2 or Ci(t)) 2 is a maximum of Ci(s) 2 for s £ 6(t). 

As in the proof of Lemma 4.6 (cf. Inequality (16)), there is a constant B independent 
of m with the property that if (ci(y), [F]) + [F] ■ [F] > B, then for any corresponding 
small triangle tp representing y, we have n w {jp) > 0. Moreover, in this case, h + , which 
corresponds to the Spin c structure t), induces an isomorphism, while r) maximizes ci(s) 2 
among all s £ 6(t). In the same way, when (ci(y), [F]) + [F] ■ [F] < —B, then y induces 
an isomorphism, and it maximizes Ci(s) 2 among all $ G <5(t). 

In either case, in view of Equation (9), we see that the degree of any element of 
HF(Y miJi+ x(K), t) lies within a bounded distance (independent from m and t) from 
— Ci(s) 2 /4, where s £ 6(t) minimizes Ci(s) 2 . The claimed result follows. 

Proposition 4.2 has the following consequence: 

Corollary 4.7. Lei K C Y be a null-homologous knot in an integer homology three- 
sphere, and fix an integer 5 > 0. There is a constant C with the property that for 
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all sufficiently large m and any t G Spin' ''(Y mil+ \(K)) , there is a chain complex for 
C F 5 (Y m ^ + \(K) , t) with the property that if CF$(Y mfl+ x(K), t) is non-trivial, then 



\d-^\<C. 
4 



Proof. It is easy to see that for fixed t G Spin c (y), if we consider <3(t), the element 
So which maximizes ci(s) 2 has ci(-So) 2 = —m + c, where here c is some constant (inde- 
pendent of m). Thus, according to Equation (9), the map fw x (K)s carr i es an element 
of degree d to an element of d — ?f + c. Now, according to Theorem 4.1, we have 
a chain complex representing CF s (Y mfl+ \(K), t) (for any choice of t) whose breadth is 
constant, indepedent of m and the choice of t. According to the proof of Proposition 4.2, 
fw x (K) s ' ^ ne ma P °f degree d—^f + c, carries some element of this complex non-trivially 
to CF 5 (Y). □ 
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5. KUNNETH PRINCIPLE 

Let Ki C Yi and K 2 C Y 2 be a pair of oriented three-manifolds equipped with 
oriented knots. Then, we can form the connected sum to obtain an oriented knot 
Ki#K 2 C Y\$Y 2 . Indeed, given ^ G Spin c (Yi, Ki), we can form their connected sum 
£i#£2- This induces a gluing map 

Sphffli, K x ) x Spin c (F 2 , K 2 ) — Spin^Y^, ^#^2), 

written £1,^2 h— ^ £i#£2- which is equivariant with respect to the natural map 

H 2 (Y 1} K i; Z) © if 2 (F 2 , ^2; Z) — > H 2 (Y^Y 2 , ^i#^ 2 ; Z). 

More explicitly, we can think of £j (i — 1,2) as specified by a non- vanishing vector 
field which contains Ki as a closed orbit. We realize the connected sum as attaching a 
one-handle to Y 1 ]J F 2 along a pair of three-balls Bi supported on Ki. We can assume 
that on each sphere Si = dBi, there are eactly two points where the vector field is 
normal to Si, the two points where Si meets K^. the "in-going" and "out-going points". 
Here, p G Si is "in-going" if £j points into Yi — B-i. We can then match the in-going point 
on Y 1 — Bi with the out-going point on Y 2 — B 2 and vice versa, to construct a nowhere 
vanishing vector field on Yi#Y 2 . This new vector field has K X #K 2 as a closed orbit, 
and it has prescribed from in the connected sum region. This vector field gives rise to 
a relative Spin c structure Spin (Y 1 #Y 2 , Ki#K 2 ), inducing the gluing map above. 

The gluing map can be described in terms of Heegaard diagrams as follows. Let 
(Ei, ai, j3 1 , wi, zi) and (E 2 , ct 2 , (3 2 , w 2 , z 2 ) be the doubly-pointed Heegaard diagrams 
compatible with the oriented knots K\ C Y\ and K 2 C Y 2 . Consider the oriented two- 
manifold E 3 obtained as the connected sum of Ex with E 2 , identifying neighborhoods of 
z\ with w 2 . Then, the doubly-pointed Heegaard diagram (E 3 , cti U oc 2 , f3 l U (3 2 ,wi, z 2 ) 
is compatible with ~K x jfK 2 C Y X #Y 2 . Now, given xi G T Ql n and x 2 G T a2 n T fe , 
we can think of Xi x x 2 as an intersection point T aiUQ2 fl Tp lU p 2 . Then, 

5 Wl>22 (xi x x 2 ) = ^^(xO^^^xs). 

The following is a straightforward generalization of the connected sum principle for 
knot homology in the case of null-homologous knots, c.f. [22], [27]. A proof can be 
found, for example, in Theorem 7.1 of [22]; we omit it here. 

Theorem 5.1. Fix £j G Spin c (Yi, Ki) for i = 1,2. There is a filtered chain homotopy 
equivalence 

CFK 0O (Y 1 , Ki, £1) ® Z[U] CFK°°(Y 2 ,K 2 ,t 2 ) — . CFK^Y^Y^K^K^^)- 

Definition 5.2. A [/-knot is a knot in a three-manifold Y with the property that the 
induced filtration of CF°°(Y,$) is trivial. More precisely, given any £ G Spin c (Y, K), 
CFK°°(Y, K,£) is chain homotopy equivalent via a relatively Z©Z- filtered chain homo- 
topy to the chain complex R which is a free, rank one Z[U, U~ l ] module with the trivial 
differential. 
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The unknot in S* 3 is a [/-knot. Indeed, the results of [21] can be interpreted as saying 
that the only [/-knot in S* 3 is the unknot. Other [/-knots will be described in Lemma 7.1. 

Corollary 5.3. If K 2 C Y 2 is a V '-knot, then for each £i G Spin c (Yi, K\) and s 2 G 
Spin c (F 2 ); there is some £ 2 £ Spin c (Y2) representing s 2 , with the property that 

as Z © Z-filtered chain complexes. 

Proof. Let £ G Spin c (>2) be any relative Spin c structure representing s 2 . Then, 
CFK°°(Y 2 , K 2 , £) is quasi-isomorphic to the Z © Z-filtered chain complex Z[U, U^ 1 ] 
which contains a non-trivial element in filtration (0, n) for some n. Letting 

(where ji of course is a meridian for K 2 ), we see that CFfT 00 ^, K 2 , £ 2 ) is quasi- 
isomorphic to Z[U, U^ 1 ] with a generator in filtration level (0,0) (c.f. Proposition 3.2). 
For this choice of £ 2 , the corollary is an immediate consequence of Theorem 5.1. □ 
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6. The Morse surgery formula 

We describe the Morse surgery formula, which expresses the Heegaard Floer homolo- 
gies of Morse surgery along a rationally null-homologous knot in terms of its knot Floer 
homology. 

Given s E Spin c (r A (K)), let 

Aj(Y,K) = A + (Y,K) 

{ges P in c (y A (K),K) I g Yx {K) x (0=s} 

Mi(Y,K) = B+(Y,K), 

{ggSpin e (Y X (K),K) | G Yx(K) 

where here A^(Y,K) and B^(Y,K) are defined as in Equation (12). 

In the above definition, we view K also as a knot in Y\(K). An orientation on K C F 
naturally induces also an orientation on the induced knot in Y\(K) in a natural way: 
an orientation on K corresponds to an orientation on a meridian for K, which can be 
thought of as supported in Y — nd(K), which in turn can be thought of as a subset of 
Y X (K), where it in turn induces an orientation of the induced knot in Y\(K). 

Theorem 6.1. Let K C Y be a knot in a rational homology three-sphere, and let A be a 
framing on K with the property that Y\(K) is also a rational homology three-sphere. The 
Heegaard Floer homology HF + (Y\(K),s) is calculated by the homology of the mapping 
cone of the chain map 

D+:Al(Y,K)^Ml(Y,K) 

defined by 



where 



h = h t-PD[K x ]( a t-mKx]) - v t( a ^- 

The proof is modeled on the proof of the main result from [25]. Specifically, it is 
based on two key ingredients: the relationship between the knot Floer homology of 
K C Y and the Heegaard Floer homology of three-manifolds obtained as sufficiently 
large surgeries on K from Section 4, and also an exact exact triangle which relates, for 
all integers m, the Heegaard Floer homologies of Y\{K), Y m .^ + \(K), and Y (the latter 
taken with twisted coefficients). 

We have not strived for maximal generality in Theorem 6.1. As a technical tool, we 
make heavy use of the rational grading on HF + which is defined on the Heegaard Floer 
homology of any three-manifold equipped with a Spin c structure whose first Chern class 
is torsion, cf. Section 7 of [14]. Thus, Theorem 6.1 holds - and indeed the proof we give 
below applies - whenever we consider Spin c structures over Y\(K) whose first Chern 
class is torsion. 
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6.1. A surgery exact sequence. The following is essentially a restatement of Theo- 
rem 3.1 of [25]: 

Theorem 6.2. Let Y be a closed, oriented three-manifold, and K C Y be a knot with 
framing A. Then, for all positive integers m, there is a long exact sequence 

... ► HF+(Y X (K)) HF+(Y m .„ +x (K)) ^ m HF + (Y) 



where here ji denotes the meridian of K. 

We describe the maps in the above theorem below, after which we make a few com- 
ments on the proof. 

We place a basepoint p on fl g , and consider twisted homology with coefficients in 
Z/mZ; i.e. write Z[Z/mZ] = Z[T]/(T m -l), and consider the chain complex CF + (Y)® Z 
Z[Z/mZ] endowed with the differential 

d + M= E E #(^)-^-[y,i-n, 

yeTan T/3{0er2(X;y) |^ )=1} 

where as usual here xeT a n Tp, i > 0, 7r 2 (x, y) denotes the space of homotopy classes 
of Whitney disks connecting x and y, p((f>) denotes the Maslov index of 0, and terms in 
the above equation for which i — n z ((f)) < are to be dropped. Moreover, m p (0) denotes 
the multiplicity of the basepoint p in the boundary of 0; i.e. p determines a codimension 
one submanifold f3\ x ... x f3 g -i x {p} C Tp, and m p (4>) denotes the intersection number 
with the restriction of the boundary of <fi with this subset. We denote the complex by 
CF + (Y; Z[Z/mZ]). (In the terminology of [24], this is the chain complex for Y with 
twisted coefficients in Z[Z/mZ], where it is denoted CF + {Y\ Z[Z/mZ]), however, as 
in [25], we drop the underline here in the interest of notational simplicity.) Recall that 
there is an isomorphism of chain complexes of modules over Z[Z/mZ], 

(17) 6: CF + (Y;Z[Z/mZ}) CF + {Y) ® z Z[Z/mZ], 

where here the right-hand-side is endowed with the differential which is the original 
differential on CF + (Y) tensored with the identity map on Z[Z/mZ]. There is a corre- 
sponding identification 

m 

HF + (Y; Z[Z/mZ]) = HF + (Y) ® z Z[Z/mZ] = HF + (Y). 

The quantity m p ((f)) has an expression more in the spirit of the constructions from 
Section 3. Fix two basepoints, w and z on either side of f3 g , so that there is an arc in 
E connecting them, but disjoint from all the attaching circles except for (3 g , which it 
meets transversally in the single intersection point p. Then, 

(18) m p ((f)) =n w ((f)) -n z (4>). 
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We now define the chain maps / 2 + , and f% inducing maps on homology F^~, F 2 + , 
and _F 3 + appearing in Theorem 6.1. 

The map is defined by counting pseudo-holomorphic triangles between T a , T 7 , 
and T$. More precisely, note that the Heegaard triple (£, a, 7, 6, z) determines a four- 
manifold X a j $ with three boundary components 
(19) 

Y an = Y X (K), Y a , s = Y^+^K), and Y,, s = # 9 ~\S 2 x S x )#Hm, 1). 

Definition 6.3. Let I e Spin c (#^ 1 (S' 2 x S l )#L(m, 1)) denote the canonical Spin c 
structure, i.e. this is the one which extends over the tubular neighborhood N of a sphere 
with self-intersection number m (after attaching a two-handle and a collection of g — 1 
three-handles) in such a way that its first Chern class evaluates as ±m on the two-sphere 
generator of the two-dimenisonal homology of N. 

Let 6 7 5 denote the Floer homology class corresponding to the generator (over A* Hi(Y y> s)<S> 
Z[U\) of 

HF^{Y^€) = A*H 1 (Y ltS ) <S> Z[U] 
in its canonical Spin c structure £. (As usual, we arrange for the homology class 9 7< 5 to 
be represented by a single intersection point in T 7 n Ts, which we also denote by 7< $.) 
We then define 

(20) ft(M) = E #M^)-[y,i-n z ^)\. 

yeToriTf {v , e7r2(Xi e 7aiy) | M(v , )=0} 

Similarly, we define /+: C F + {Y rn . ^(K)) — > CF+{Y;Z[Z/mZ}) by 

(21) / 2 + ([y,*]) = E #M(4>)-[w,i-n z ^)}-T m ^\ 

weT ° nT ^ {V'e^(y,e, /3 ,w)| M (^)=o} 

where m p {^) is the natural extension of m p to triangles. (In particular, in the case 
where we consider doubly-pointed Heegaard diagrams, m p {jp) = n w {jp) — n z {jp) as in 
Equation (18).) 

To define f%, we proceed as follows. Fix ip e 7r 2 (6 7j a, Ops, ©75)- The congruence class 
c of m p {jp) modulo m is independent of the choice of ip. The map 

/+: CF + (Y;Z[Z/mZ]) — CF + (Y X (K)) 

is given by the formula 

(22) / 3 +(TMx,*])= E E #M(rl>)-\y,i-n,U>)]- 

yeT Q nT 7 1 i*w=o, 

{i/'G7r2(x,e / 3 7 ,y) \s+m p (ip)=c (mod m)} 

Proof of Theorem 6.2. Let and H£ denote the null-homotopies of / 2 + o and 
/a" o /+ respectively. With this notation, the proof of Theorem 3.1 applies to show that 
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the chain maps 

+ :CF + (r A (^))^M(/+) and ^ + : M(/+) — CF + {Y X {K)) 
defined by 

(23) + (O = (A + (0,#i + (0)- 

and 

(24) ^(x,2/) = iJ 2 + (x) + /3 + (2/) 

respectively are quasi- isomorphisms, and hence establishing Theorem 6.2 as stated 
above. □ 

6.2. The analogue of Theorem 6.1 for the case of CF 5 . Given an integer 5 > 0, 
let CF S denote the approximation of CF + described in Subsection 2.8. We state and 
prove analogue of Theorem 6.1 for this group, following the pattern of proof from [25]. 
Given 5 > 0, let 

Al(Y,K) = Ct{0<m*x(i,3)<S} and B S ^{Y,~K) = CF s (Y,G Yi k(0)- 
Given s G Spin c (F A (K)), let 

K(Y,K) = 4(Y,K) 

{ggSpin c (y A (K),K) | G Yx(K) J <(0=s} 

M 5 S (Y,K) = B°(Y,K). 

{ges P in e (y A (K),K) I G yA(JOi ^(0=«} 



Consider the map 
defined by 

where 



D«: Al(Y,K)^M d s (Y,K) 

D * ( {a « } ^w*>) = { & a feG - (if) _ (s)) 

& 5 = ^-pd^K-pd^]) -u|(a € ). 

Our aim in the present subsection is to prove the following analogue of Theorem 6.1 
for CF 5 . 

Theorem 6.4. The group CF 5 (Y\(K),s) is quasi-ismorphic to the mapping cone Xf(A) 
of 

D S S :A S S (Y,K)^M 6 S (Y,K). 
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We deduce Theorem 6.4 from a combination of Theorems 6.2 and 4.1. Theorem 6.1 
will follow from Theorem 6.4, together with some further observations about gradings, 
as explained in Subsection 6.3. 

We turn our attention now towards proving Theorem 6.4. We assume that both d 
and n have the same sign, and hence without additional loss of generality that both are 
positive, returning to the case where their signs are opposite in Subsection 6.4. 

It will be useful to have the following lemma. In the statement, "sufficiently large" is 
meant with respect to the ordering on Spin c (F, K) with fixed filling t over Y described 
earlier. Specifically, recall that £i < £ 2 if £2 = £1 + j • PD[//] for some j > 0. In 
particular, we say that a condition P holds for all all sufficiently large relative Spin c 
structures Spin c (Y, K) if there is a finite collection S C Spin c (Y, K) with the properties 

that each i G Spin c (y) can be represented by some n G Spin c (Y, K) with 77 G S, and 
also for any £ G Spin c (Y, K) which has the property that £ > n for some n G S then P 
holds for £. 

Lemma 6.5. If C, is sufficiently large, then 

u|: 4(Y,K) — B«(Y,K) 

is an isomorphism, while 

h\: 4(Y,K) — Bl +PD[Kx] (Y,K) 

is trivial; moreover, if £ is sufficiently small, then is an isomorphism, while v | is 
trivial. 

Proof. Since there are finitely many x G T a fl T^, there is a maximal £0 among all 
^■w z( x ) w hh x G T a fl T^. Clearly, for any £ > £ 0! there are no generators [x, of 
CFK°°(Y,K,Z) with i < and j > 0; thus, in fact, A+(Y,K) = C ( {i > 0}, i.e. v+ is 
the identity map, and the corresponding statement for t>| follows at once. 

The other assertions follow from similar reasoning. □ 

Proof of Theorem 6.4 when d and n have the same sign. Choose m = nk, where 
n is as in Equation (3). It is easy to see that PD[fG] has order dk + 1 in H 2 (Y m .^ + \) 
whereas PD^a] has order nk in the quotient group H 2 (Y, Y — K; Z)/mPD[//]. 

Theorem 6.2 expresses CF S {Y\(K)) as the mapping cone of a map from CF 5 (Y m . fl+ \(K)) 
to CF s (Y,Z[Z/mZ]). We can think of CF S (Y, Z[Z/mZ]) more invariantly, as a sum 

m,cF+(Y,G Y ^m, 

[g]6 Spin e (Y,JC)/Zm-/j 

where, as the notation suggests, the index set consists of m ■ /x-orbits in Spin c (F, X) 
(each of which induces the same Spin c structure over Y, of course). The identification 
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is induced by the map 
Now, the map 

f$: CF s {Y m , +x {K)) — CF 5 (Y;Z[Z/mZ]) 

can be written as 

E ([^gp(*)l. /?(«)). 

sespin c (iy^(x)) 

where here W^(K) denotes the natural cobordism from Y^+^iir), and -Ey ^ ^ s the ma P 
from Spin c structures over W^(K) to relative Spin c (Y, K) as in Proposition 2.2. 

Choosing k sufficiently large, (where m = nk) according to Theorem 4.1, we have that 
the summand CF s (Y mii+x ,t) C CF 5 {Y m/I+x ) is identified with A\(Y,K) for £ = S(t). 
In fact, there are only two homotopically non-trivial components of /I | of* (Y m t)' 
according to Proposition 4.2: these are the components belonging to y and t), whose 
corresponding maps are identified with i>| and /i| respectively. In view of Equation (7), 

Eyjeb + PD[F]) = E Y ^{i) + mfx + A; 

and hence, if S(t) = £ and S(t + PD[lf\]) = £ + PD(l^), then the ranges of i>| and 
^ +PD [^ A ] coincide. 

In effect, we have shown that CF S (Y X (K)) is quasi-isomorphic to the mapping cone 
of a map which splits according to K x orbits in Spin c (Y, K) or equivalently, Spin c 
structures over Y X {K). In each such orbit, the map has the form 

if?)''- (J) ^+s-PD[if A ](^)^) > © B£+s-PD[K x ](Yi K)i 

se1/(dk+l)Z sEZ/dkZ 

defined by adding 

v s s : A S £ +s . PD { K) j(Y, K) > B s i+s . PD ^ Kx] (Y,K) 

and 

K : ^+s.PD[jr A ](^^) > ^|+(s+l)-PD[K A ](^> K)- 

According to Lemma 6.5 and our hypothesis on the sign of d, we see that for any £, if s 
is sufficiently large, then letting £' = £ + s ■ PD[K X ], we have that is null-homotopic, 
and f|, is an isomorphism. It follows from this (together with the analogous statement 
for s sufficiently small) that the mapping cone of (/|)' is identified with the mapping 
cone of 

gotten by adding all the maps v s s and h 5 s . This establishes the theorem. □ 
The case where d and n have opposite signs is handled in Subsection 6.4. 
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6.3. Gradings, and the proof of Theorem 6.1 (in the case where d and n 
have the same sign). In the proof of Theorem 6.4, for each 5 > 0, we establish 
quasi-isomorphisms 

5 :CF*(y A (^), S )^Xf(A). 

We wish to conclude that 

HF + (Y x (K),s)^H*(Xj(\)). 

To this end, we must establish that X+(A) is a relative Z-graded complex, which can 
be given an absolute grading so that the map (j> 5 is homogeneous of degree zero. 

Clearly, the groups A^{Y,K) and B^(Y,K) are relatively Z-graded, and the maps 
v£ and are all relatively Z-graded maps. It is now a formal consequence of the shape 
of 

_d:-.a:(y,k)^b:(y,k) 

that Af(Y,K) and B+(Y,K) can be given absolute Z-gradings so that D+ drops this 
grading by one. This naturally endows the mapping cone X+(A) with an absolute Z- 
grading. In fact, this grading is uniquely determined up to an overall shift. 
In the proof of Theorem 6.2, we considered maps 

Si - CF S (Y X (K)) — CF s (Y nk ., +x (K)) 

and 

Si: CF s (Y nk .„ +x (K)) — > CF 5 (Y;Z[Z/mZ]). 
Fix £ G Spin c (Y, K). For s G Z, consider the projection 

nf: CF + (Y nk ., +x (K)) ^CF\Y nk .^K),G Ynw{K) ^ + s-mK>\). 
We prove the following analogue of Proposition 4.6 of [25]. 

Proposition 6.6. Fix an absolute lift of the relative 'L-grading on C F + (Y X (K) , G Yx ik) k(0)> 
and an integer 5 > 0. Then, there is a constant b so that, for all sufficiently large k, 
there are absolute lifts of the relative Z-gradings on both 

4 +s . PD[Kx] (Y : K) = CF 5 (Y nk ., +x (K),t) C CF 5 (Y nk ., +x (K)) 

and CF 5 (Y,G Y k(£ + s ■ PD[K X ])) for all \s\ < b, with the property that Tlf o ff and 
also the restriction of /| to 

([a], CF 5 (Y, Gy^i + 8 ■ PD[X A ])) C CF S (Y, Z[Z/mZ]) 

have degree zero. 

We return to a proof of Proposition 6.6 after introducing a lemma. 

Recall (c.f. Equation (19)) that the map fi was defined by counting holomorphic 
triangles for a Heegaard triple describing a four- manifold which we denoted X ai s , whose 
boundaries consist of Y X (K), Y( nk ^ +X (K) and #»- 1 (S' 2 x S^L^nk, 1). We denote this 
four-manifold here by X(k), to call attention to its dependence on k. 
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The following lemma is an adaptation of the proof of Lemma 4.7 from [25]. 

Lemma 6.7. Fix a constant Cq. Then, for all sufficiently large k, the following statment 
holds. Each Spin c structure over Y nk .^ + \(K) has at most one extension s over X(k) 
whose restriction to ^^(S 2 x S' 1 )#L(nA;, 1) is the canonical Spin c structure (in the 
sense of Definition 6. 3, and for which 

(25) C < ci(s) 2 + nk. 

Proof. Observe that H 2 (X(k);Z) = Z is generated by a surface E with 

T? = ~nkd 2 (dk + l). 

This can be seen, for example, by observing that the group of triply-periodic domains 
in X(k) is generated by a relation of the form 

— (dk + l)d • X + d ■ {nk ■ /i + A) + a + b, 

where a is a sum of curves among the a.i with i = 1, g, and b a sum of curves among 
the Pj with j = 1, g — 1. The intersection number of the first two curves - which gives 
the self-intersection number of the homology class corresponding to the triply-periodic 
domain - is —nkd 2 (dk + 1). 

Now, for any other Spin c structure over X(k) which interpolates between the same 
two Spin c structures on Y\(K) and Y nk .^ + \(K) (and whose restriction to the remaining 
boundary boundary component # 9 ~ l (S 2 x S' 1 )#L(n/c, 1) is the canonical Spin c struc- 
ture) has the form s + jPD[S], for some integer j ^ 0; thus, 

Cl (s + j-PD[S]) 2 - Cl (s) 2 = 4(j 2 £-£+j( Cl (s),[£]» 

< -4j 2 nkd 2 (dk + l) (i-y) 

< -2nkd 2 (dk+l). 

Of course, if k is sufficiently large, then Inequality (25) is violated. □ 

Proof of Proposition 6.6. Fix an absolute lift of the relative Z-grading on CF + (Y\(K), s), 
and fix some 5 > 0. Now, ff decomposes as a sum of homogeneous terms, indexed 
by those s G Spin c (X(A;)) whose restriction to the boundary component ^ 9 ^ 1 (S 2 x 
S ,1 )#L(n/c, 1) is the canonical Spin c structure. By a suitable adapation of Equation (9), 
we see that each term is homogeneous of degree (ci(s) 2 + nk)/A (in this application, 
note that X(k) has three, rather than two, boundary components, and we are consider- 
ing the pairing with a fixed homology class on the third term). It follows readily from 
Lemma 6.7 that there is at most one such Spin c structure which can induce a non-trivial 
map from CF S (Y X (K), G Yx(K )(0) *<> CF s (Y nk ., +x (K)). 

Thus, we can grade CF 5 (Y nk . ll+ x(K)) so that each component of ff has degree zero. 
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Similarly, we can endow ([s], CF S (Y, £ + s ■ PB[K X }) C CF S (Y, Z[Z/mZ]) with the 
grading for which 

v S s : A£ +s . PD ^ Kx ](Y,~K) = CF s (Y n k.^+x(K),^ + s-PD[K\]) — > ([s], £ + S -PD[K A ])) 

has degree zero. We must check that this is compatible with the grading for which 

4 + s.PB [Kx] (y,K) - CF s (Y nk ., +x (K),£+s-PD[K x ]) — > ([ a ], CT 5 (F, £+( S +l).PD[X A ])) 
has degree zero. 

To this end, it suffices to prove the following. Fix K C Y with framing A. Fix 
also £ G Spin c (Y, K) and t 6 Z. Then, for sufficiently large S, there is a homogeneous 
element 

(26) a = {a s } -b<s<b G ^(^s.pd^] 

-b<s<b 

with a t ,a t+1 ^ 0, and H*(D & s (a)) = 0, i.e. where here H*(D 5 s (a)) denotes the map on 
homology induced by 

D s : © 4+s-pd[^](^'^) *• (J) B 5 i+s . PD[Kx] (Y,K). 

-b<s<b -b+l<s<b 

To see this, we proceed as follows. Abbreviate 0_ fe<s<b A 5 ^ +s . PD ^ K ^(Y, K) by A 5 
(or A 5 (6), when we wish to refer to its dependence on b). We have also A°° and A + 
which are obtained analogously. Similarly, write B s for ®_ 6+1<s<b B^ +S , PD , K ^Y, K). 
We have maps D 5 : A 5 — ► B 5 , D + : A + — ► B + and D°° : 5°°. Note that 

H*{M{D°° : — ► B°°)) = Z[U, U' 1 ]. Moreover, there is a map 

n°° : M(f°° : A°° — > B°°) — > B°° 

induced by n°°({a s }_ 6 < s < 6 ) = {v 5 s (a s )}- b+1 < s < b . (Here, f°° is the map obtained by 
adding the and hf to give a map from A°°(b) to B°°(b).) It is not difficult to see 
that for a generator 

a°° G H*(M(D°°: A°° — ► B°°)), 

each component of I\ 00 {a 00 ) is non-trivial. We can also arrange for a°° to be a homo- 
geneous element. By multiplying the generator through by U~ l if necessary, we can 
arrange for each component of II 00 ({a s } -b<s<b) to inject into H^(B^ +s _ pD ^ K JY, K)). 
Thus, we obtain a homogeneous element a + G H*(M(D + : A + — > (the im- 

age of a°° under the natural map), whose image U + (a + ) has non-trivial components 
in H^(B^ +s PD ^ K ^(Y, K)) (for all — b + 1 < s < b). Now, for sufficiently large 5, 

U s (a + ) = 0. Thus, we can find a homogeneous element a 5 G H*(M(f s : A s — ► B 5 )) 
with the property that D s (a s ) = 0, but U s (a s ) has non-trivial image in each component 
(Y,K)). 

To repeat: given t, we obtain a 5 so that H if (M(f 5 : A 5 (b) — ► B 5 (b))) has a ho- 
mology class of the required shape as in Equation (26). Here b is any cut-off, chosen 
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sufficiently large (note that H*(M(fH)) stabilizes when b is sufficiently large). Given 
this 5, we then find an appropriately large k so that CF 5 (Y n k. fl +\(K),i) is for each 
t G Spin c (Y n k.fj,+x(K)) is represented by A 5 ^ +s PD ^ K ^(Y, K) for some s (Theorem 4.1). 

Thus, we have found a homology class in H*(M(f 5 )) of the required shape, establishing 
the compatibility of the various gradings. 

□ 

With the above proposition in place, the proof of Theorem 6.1 follows from Theo- 
rem 6.4 by following the pattern from [25]. 

Specifically, according to Proposition 6.6, an absolute grading on CF 5 {Y\{K)) induces 
absolute gradings on both 

-b<s<b 

and 

([*], CF\Y, G Yl fc + s ■ PD[K X ]))) C CF\Y; Z[Z/nkZ}), 

-b+n<s<b 

so that ff and both are graded maps with degree zero. Let 

nf : CF 5 (Y; Z[Z/nkZ]) — > CF S (Y, G Y ^ + s ■ PD[K X })) 

denote the projection onto the summand ([s], CF S (Y, £ + s ■ PT)[K\])). 

Lemma 6.8. With respect to the above gradings, given 5 > 0, we have that for any 
sufficiently large k and \s\ < b, the map nf o Hf is homogeneous of degree +1. 

Proof. This follows exactly the proof of Lemma 4.8 of [25] □ 

Proof of Theorem 6.1, in the case where d and n have the same sign. This 
now follows exactly as in [25]. Specifically, Theorem 6.4 provides, for any 5 > 0, a 
quasi-isomorphism between CF s (Y\(K),s) and M{D 5 S ). 

There is an integer b with the property that for all s > b,vf and h~L s are isomorphisms. 
Thus, we can truncate the mapping cone at this level to obtain a quasi-isomorphic 
complex. According to Proposition 6.6, the truncated mapping cone inherits a grading, 
and according to Lemma 6.8, the quasi-isomorphism from Theorem 6.4 respects these 
gradings. In effect, we have shown that for any 5 > 0, there is a graded isomorphism of 
HF 5 (Y\(K)) with HF 6 (M(D^)). It is now a formal consequence (see Lemma 2.7 of [25] 
for details) that HF + (Y X (K)) = HF + (M(D+)), as well. □ 

6.4. The signs of d and n are opposite. In the case where the signs of d and n in 
Equation (3) do not coincide, we write instead 

(27) d- /i = -n- n E H^Y - L;Z) 

where in this new notation now, both d and n are positive. Letting m = nk, we see 
that in this case, PD[if A ] has order dk — 1 in H 2 (Y m .^ + x). 



KNOT FLOER HOMOLOGY AND RATIONAL SURGERIES 



37 



Theorem 6.4 is obtained as before, with minor notational changes. Specifically, ap- 
plying Theorem 6.2 as before, we have a description of HF S (Y\(K), s) as the homology 
of a mapping cone of of a map from CF s (Y m . fJj+ \(K)) to CF S (Y, Z[Z/mZ]), which de- 
composes as 

(fH)''- (J) ^+S'PD[/f A ](^^) *• (J) ^f+s-PD[K A ] ^0> 



sG 



defined by adding 



and 



v s s : A S £ +s . PD [ Kx ](Y, K) > B^ +s . PD ^ Kx] (Y,K) 



h 5 s : A^ +S , PD ^ K ^(Y, K) > ^|+( s +i).pD[^](^) K)- 



Combining Lemma 6.5 with the positivity of d and n in Equation (27), we see that for 
any £, if s is sufficiently large and £' = £ + s-PD[if^], we have that is null-homotopic, 
and n|, is an isomorphism. It follows from this (together with the analogous statement 
for s sufficiently small) that the mapping cone of (f$)' is identified with the mapping 
cone of 

(f2)" : ® ^f+(sn)-PD[/i](^> K) > (J) Bi+s-PD{K x ](Y, K)i 

gotten by adding all the maps v 5 s and h 5 s . This establishes the Theorem 6.4 in the 
present case. 

For fixed 5 > and k sufficiently large, /| remains a homogeneous map as before. 
However, in the present case, we study /g", the map associated to the cobordism W\ 
from Y to Y\, in place of /{*". To this end, we have the following: 

Lemma 6.9. Fix an integer 5 > and constant Cq. For all sufficiently large k, the 
following condition holds. For each Sq G Spm c (W\(K)) , there is at most one Spin c 
structure of the form s = So + jkPD[F] with j e Z /or which 

C < c^s) 2 + nk. 

Here, F denotes a generator of H 2 (W\(K),Y). 



Proof. This follows from the fact that W\ is a negative-definite cobordism. □ 

The relevance of the lemma is the following: /|(^®T l ) is a sum of the maps associated 
to Spin c structures s over the cobordism W\(K) which differ by addition of nkPD[fi] = 
dfcPD[A], under the identification H 2 (Y,K;Z) = H 2 (W X {K)). By Equation (7), the 
latter in turn correspond to dkZ ■ F orbits. 

It follows from Lemma 6.9 that if k is sufficiently large, then given t G Spin c (F) 
and i G Z/n/cZ, there is a unique Spin c structure which contributes non-trivially to 
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/f(£ ' ®T l ) for all £ G ifF 5 (Y,t). Specifically, according to Equation (9), the non- 
triviality of the map places a lower bound (independent of k) on the square of the first 
Chern class of any such Spin c structure (c.f. Corollary 4.7). 

With these remarks in place, it now follows quickly that the map 

^:M(fi)^CF s (Y x (K)) 

given by ip s (x,y) = H^x) + is a relatively graded map. 
The proof of Theorem 6.1 is then completed as before. 
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7. The proof of Theorem 1.1 

If K C Y is a null-homologous knot, then Y p / q (K) can be realized by surgery with 
coefficient a inside the knot K^O q / r C Y#L(q,r), where a is the greatest integer 
smaller than or equal to p/q, a = |_^J, and 

p r 
- = a-\ — , 
q q 

and O q / r C L(q,r) is the knot which is obtained by viewing one component of the 
Hopf link as a knot inside the lens space L(q, r), thought of as q/r surgery on the other 
component of the Hopf link, c.f. Figure 2. 

In view of these remarks, Theorem 1.1 is proved by combining a model calculation of 
the knot Floer homology of O q / r , the Kiinneth principle for connected sums, together 
with the surgery formula of Theorem 6.1. 

Of course, L(q,r) — O q / r is a solid torus, and consequently, there is an affine identifi- 
cation Spin c (L(g, r), O q / r ) = Z. 

Lemma 7.1. The knot O q / r C L(q,r) is a V '-knot. Indeed, there is an affine identifi- 
cation fitting into a commutative diagram 

Z > Spm c (L(q,r),O q/r ) 

G L(q,r),O g/r 

Z/qZ — =-> Spin c (L(g,r)) 
(where the left vertical arrow is the natural quotient map) with the property that 

HFK(L {q ,r),0, lr , m ^{l f^l'" 1 




FIGURE 2. The knot O q i r . Thinking of K as a knot in the lens space 
obtained by performing q/r on the other component of this link, we obtain 
the knot O q / r . 
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Proof. Consider the standard genus one Heegaard decomposition of the lens space 
L(q,r), where a is a curve of slope 0/1 and (3 is a curve of slope q/r. Placing two 
basepoints w and z, separated by an arc which is disjoint from a and meets (5 exactly 
once, we obtain a doubly-pointed Heegaard diagram for O q / r C L(q,r). Of course 
a fl j3 consists of exactly q points {x , ...,x q _i}, each one representing a different Spin c 
structure over L(q,r). See Figure 3 for an illustration. 
Now, 

which is generated by the homology class represented by a curve 7 in T 2 with slope 
1/0. We specify an ordering on the {xijfZo as follows. Let m be the intersection point 
of P with the arc connecting w and z. Our ordering is specified by the conditions that 
the arc in /3 from Xi to Xj+i is disjoint from all the other Xk and m. Clearly, with this 
ordering, e(xi,x i+1 ) = 7. Let (f>(i) correspond to s wz (xi). The lemma follows. □ 



Suppose that K is a null-homologous knot in an integral homology three-sphere Y. 
In this case, H 2 {Y, K) ^ Z, and also H 2 {Y#L{q, r),K#O q/r ) = Z. " 

Lemma 7.2. Suppose that K C Y is a null-homologous knot in an integer homology 
three-sphere. Under the connected sum 

(Y,K)#(L(q,r),O q/r ) — (Y#L(q, r), K#O q / r ), 




Figure 3. Heegaard diagram for 3 / 2 . The intersection points 
x , x±, x 2 are ordered so that e(x ,Xi) = e(xi,x 2 ) is a generator of the 
homology of L(3, 2) — 3 / 2 . 
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the following diagram commutes: 

z©z — z 



H 2 (Y,K)®H 2 (L(q,r),O q/r ) ► H 2 (Y#L(q,r), K#O q/r ), 

where f(x,y) = qx + y. Moreover, under this correspondence, if K\ is the push-off of 
K with respect to the integral framing a, then ~PD[K\\ represents the element peZ = 
H 2 (Y#L{q,r),K#O q/r ), where p/q = a + q/r. 

Proof. Let m and £ denote the meridian and the longitude of O q / r . We have an 
isomorphism H 2 (L(q,r),O q / r ) = Z under which m and £ are mapped to r and q re- 
spectively. Now in Y#L(q,r) — K#O q / r , clearly the meridian of K is homologous to a 
longitude for O q / r , and hence it is mapped to q under the isomorphism. 

Moreover, the push-off of K\ is homologous m + a£, which in turn is mapped to 
r + aq = p, under this above map. □ 

Proof of Theorem 1.1. Fix an identification Spin c (F#L(g, r), K^O q / r ) = Z, and 
correspondingly think of Af(Y#L(q,r), K#O q / r ) as indexed by s E Z. Since O q / r is 
a [/-knot (of. Lemma 7.1), the Kiinneth principle for connected sums, in the form of 
Corollary 5.3 applies to show that 

Ai(Y#L(q,r),K#O q/r )^A+ (s) (Y) 

for some g: Z — > Z (where here ~ means filtered quasi-isomorphic) . Indeed, according 
to Lemma 7.2, the formula g(s) satisfies s = qg(s) + j where, according to Lemma 7.1, 
< j < q; i.e. 

9(s) = [ S -\. 

Recall also that PDf-Kjv] represents p times a generator of H 2 (Y#L(q,r), K#O q / r ). 

With these remarks in place, Theorem 1.1 is obtained as a direct application of 
Theorem 6.1. □ 

7.1. The case of HF. Some of the algebra is simpler when one considers HF + , rather 
than HF. To this end, we let 

Di iP / q : Aj — > Mf, 

i.e. 

Di tP / q {a^i+ps^} se % = {fc^ i±g£ j}sez, 

where here 

^i+P£j = V |^l+££j(a^ i +££j) + 

i+P(«-i)j(a L i+P(.-i)j)- 

The proof of Theorem 1.1 adapts readily to this context to give the following: 
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Theorem 7.3. Let K C Y be a null-homologous knot. There is a relatively graded 
isomorphism of groups 

H*(%, p/q )^HF(Y p/q (K),i) 

for each i G Z/pZ. 

7.2. Absolute gradings. In fact, Theorem 1.1 (and indeed Theorem 6.1) actually 
determines HF + (Y p / q (K),i) as an absolutely graded group. 

An absolute grading on X+ p ^ q (K) compatible with the relative grading is specified 
by fixing an absolute grading on B* i+p3 (for any s), thought of as a subcomplex of 

X+ p / q (K) (note that it is independent of the choice of K). This absolute grading in 
turn is in turn determined by a grading on its homology H*(B~f~ i+ps ) = T + . Finally 

that datum is fixed by the requirement H*(Xf p / q (0)) = T + in such a way that its 
bottom-most non-trivial element is supported in dimension d(S p ^ q (0),i) = d(L(p,q),i). 
(Explicit, recursive formulas for these rational numbers can be found in Proposition 4.8 
of [17].) 

This assertion follows easily from the proof of Theorem 1.1. Specifically, as in Sub- 
section 6.3, the composite of 

fi- CF S (Y X (K)) — CF s (Y nk ., +x (K)) 

with the projection onto C F s (Y n k.fj,+\(K) , t) C C F s {Y n k.^ + \{K)) is a homogeneous map 
(provided that n is sufficiently large). Moreover, its degree depends on the intersection 
form of the cobordism X(k) and the first Chern class of t. Moreover, the proof of 
Theorem 6.4 shows that this map is also identified with the projection Xf(A) — ► 
A^(Y, K). Since the intersection form of X(k) does not depend on the particular knot 
K, the claim follows. 
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8. Knots which admit L-space surgeries 

Suppose that K C S 3 is a knot which admits an L-space surgery with positive slope r. 
Examples of such knots include all torus knots, and also knots from Berge's list, c.f. [1]. 
Moreover, an alternating knot K with unknotting number equal to one gives rise to 
another knot C C S 3 which admits an L-space surgery. This new knot C is obtained 
by performing the unknotting operation, but connecting the two strands which were 
crossed by an arc 7; C then is the branched double-cover 7, compare [15]. 

Theorem 1.2 says that for such a knot, the Alexander polynomial is determined from 
the correction terms. In this application, we find it convenient to use the group HF + ; 
to do this, recall the characterization of L-spaces in terms of this group [16]: a rational 
homology three-sphere Y is an L-space if and only if for each t G Spin c (F), 

HF + (Y, t) = r+. 

The correction terms d(Y, t) of an L-space is the minimal grading of any homogeneous 
element of HF + (Y, t). 

The symmetrized Alexander polynomial Ak(T) plays a role, since it is the Euler 
characteristic of the knot Floer homology; i.e. 

X(HFK*(S 3 , K, s)) ■ T s = A K (T), 

s 

c.f. Equation (1) of [22] or [27]. 

Proof of Theorem 1.2. It is easy to see that both maps i>+ : H*(A£) — >■ H*(B + ) 
and hf: H*(A+) — > H :¥ (B + ) are surjective, since B + = HF + (S 3 ), and both maps are 
isomorphisms in all sufficiently large degrees. 

Fix i G Z/pZ, and let s G Z be an arbitrary representative. Split = © J where 
J = t ^ s A* i+sp . From the above remarks, it is clear that the restriction of Df, to 

L q J 

Lf*(J) surjects onto H*(Mf). It follows at once that there is a surjection 

<p: Ker (^(L>+ /g ): tf,(A+) — tf*(B+)) — H*(Af). 

Moreover, it follows from this surjectivity, combined with Theorem 1.1, that 

Ker /ff ): #*(A+) — = HF+(S 3 p/q (K),i) = T+ . 

The surjectivity of </?, together with the fact that H*(A+) = H*(B + ) in all sufficiently 
large degree combine to show that H*(A+) ®i Q = T + ®z Q. Applying the same 
argument, only taking coefficients in Z/pZ for arbitrary p shows that H*(A£) = T + . 

Having established that H*(Af) = T + , and that v+ and hf are isomorphisms in all 
sufficiently large degrees, it follows that vf is modeled on multiplication by U Vs , and 
hf is multiplication by U Ha , where all V s , H s > 0. 
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The condition that Ker ^H # (Df p ^ q ) : #*(A+) — ► #*(B+)) = T + ensures readily that 
in each % e Z/pZ, there can be at most one integer s e Z for which both V,i+£si and 

L q J 

if, | > 0. Our aim now is to determine which value of s has this property. 

L q J 

Let m(s) = min(V s , H s ). We claim that 

(29) m(si) < m(s 2 ) if s 1 < s 2 < or Si > s 2 > 0. 
To this end, we have an exact sequence 

► C{i < and j > s} > C{max(i, j - s)} C{i > 0} > 0. 

Since x(HFK(K, s)) = a s , it follows at once that for s > 0, 

X (C{i<0andj> S }) = ^(X), 

which in turn is the same as V s . Similarly, x(C{i > and j < s}) = t s (K) + 2s, which 
is H s . In particular, this (together with a symmetric argument for s < 0) shows that 

(30) V a <H s iors>0 and V s > H s for s < 0. 
Incidentally, we have just established that 

(31) t s = m(s) > 0. 

Note that there is a natural quotient map Af — > Af +1 , and indeed, the projection 
of Af — > factors through this quotient. It follows at once that {V s } se z is a non- 
increasing sequence in s. Dually, {H s } se z is an non-decreasing sequence in s. Combining 
this with Equation (30), Equation (29) follows. 

Having established that for each i e Z/pZ, there is exactly one non-zero integer 
among the {"^(L^ :£5 J)}sez, Equation (29) together with the fact that m(s) = m(—s) 
(an easy consequence of Equation (31)) shows that mQ 1 ]) 7^ implies that 



P 



[ 5 J £ L t J 

for all sGZ. 

Finally, note that the bottom-most generator of A+ L . is an element whose degree is 

q 

2m([^J) less than the corresponding generator for the unknot. In view of the remarks 
from Subsection 7.2, the theorem now follows. □ 

Lemma 8.1. Let K C S 3 be a knot. The map v£ : A+ — > B + is an isomorphism on 
homology for all s > if and only if HFK(K, s) = for all s > 0. 

Proof. It is easy to see by descending induction on s that vf is an isomorphism on 
homology for all s > d if and only if HFK(K, s) = for all s > d. □ 
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Proof of Corollary 1.3. Suppose that S^,{K) = S^,{0). Then, for some permuta- 
tion a: Z/pZ — ► Z/pZ, we have that HF+(S* /q (0),i) HF+(S 3 /q (K), a(i)) for all 
i. It follows from the proof of Theorem 1.2 (Equation (31)) that ti(K) > for all %. 
Summing Equation 2 over all i and using the hypothesis that S^ q (K) = S^ q (0), we 
conclude that U{K) = 0. It follows that V s = for s > 0, i.e. v+ : H*(A+) — ► HF+(S 3 ) 
is an isomorphism for all s > 0. According to Lemma 8.1, HFK(K, s) = for all s ^ 0, 
and hence, according to [21], K is the unknot. □ 
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9. On cosmetic surgeries 

Under favorable circumstances, the existence of an orientation-preserving homeomor- 
phism HF(S 3 (K)) = HF(S 3 (K)) for distinct r and s forces the knot Floer homology 
of K to agree with that for the unknot, and hence for the knot to be unknotted. This 
is not always the case, though. For example, the knot K = 9 44 has the property that 
HF + {S 3 +1 {K)) = HF + (S 3 _ l (K)), although S^K) ¥ Si^K). Specifically, according 
to Theorem 6.1 of [26], the knot 9 44 has 

HFK{K,i) = Z["j' 

where the subscript indicates the degree in which the summand is supported, and is 
the i th coefficient of the Alexander polynomial 

A K (T) = ^a i -T i = T~ 2 - AT' 1 + 7-AT + T 2 . 

It is now a straightforward application of the surgery formula, either in the form given 
in the present paper or from [25], that 

HF + (S 3 +1 (K)) = T+ © Zf 0) © Zj_ 1} = HF+iSi^K)). 

On the other hand, Walter Neumann [13] informs us that the manifolds S+^K) and 
S^^K) can be distinguished (using the computer program Snap [3], see also [31]) by 
their hyperbolic volume; one has hyperbolic volume roughly 5.52, the other has hyper- 
bolic volume roughly 5.27. 

Our results here can be proved by restricting attention to Floer homology with coeffi- 
cients in any field F, which we suppress from the notation. For concreteness, we restrict 
to F = Z/2Z, so that e.g. HF{S 3 ) denotes the homology H*(CF(S 3 ) ® % F). 

Definition 9.1. Define v{K) by 

v(K) = min{s G Z|w s : A s — >■ CF(S 3 ) induces a non-trivial map in homology}. 

Lemma 9.2. If K C S 3 and —K denotes its reflection, then either v[K) or v(—K) is 
non-negative. 

Proof. Let { Ts\ s& be the knot filtration of CF(S 3 ) ( i.e. in the notation of Section 3 
T s = C^ {j < s}, where £o £ Spin c (S' 3 , K) is the relative Spin c structure with trivial 
first Chern class) and let 

t{K) = min{s € Z\H*(F S ) — > HF(S 3 ) is non-trivial}. 

Recall that t(K) = —r(—K) and also that v(K) = t(K) or t(K) + 1 (c.f. Lemma 3.3 
of [18] and Proposition 3.1 from the same refence respectively; or alternatively, see [27]). 

□ 
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The integer v{K) dictates the maps on homology induced by all the h s and v s , 
according to the following two lemmas. 

Lemma 9.3. For all s > v{K), v s induces a non-trivial map in homology. 

Proof. This follows at once from the fact that the image of v s is T s , and T s C T t if 
s<t. □ 

Lemma 9.4. If v(K) > 0, then for all s > 0, (h s )* = 0. 

Proof. The image of h s : A s — > B is identified with T- s c B, thus, if s > and 
T {K) > 0, then the map on homology induced by h s is trivial. □ 

Proposition 9.5. Let K C S 3 be a knot, and fix a pair of relatively prime integers p 
and q. Then 

(32) rk^F(5 p 3 /(? (K)) = b|+2max(0,(2z/(^)-l)|g|-bl) + |g| ( Yl ( rkH * A) ~ 1 



Proof. Recall that if K C S 3 , and — K denotes its reflection, then S 3 .(K) = 
—S^_ r (—K). Thus, in view of Lemma 9.2 and Equation (33), we can assume with- 
out loss of generality that v{K) > 0. Also, of course, we can assume that q > 0. 
Using Theorem 7.3 to express HF(S 3 ^ q (K)) in terms of if*(X p / 9 ), calculating the rank 

of H*(X p / q ) is now straightforward application of Lemmas 9.3 and 9.4. In fact, the 
cokernel D has rank max(0, (2u(K) — \)q —p), while its kernel has rank 

p + max(0, (2u(K) - l)q - p) + q (rk#* A) " l) j • 

□ 

(The above proposition holds even in the case where p and q are not relatively prime, 
with the understanding that if (p,q) = a, then HF(S 3 j q (K)) denotes the direct sum of 

a many copies of HF(S 3 ,/ q ,(K)), where here p' = p/a, q' = q/a.) 
The following result is analogous to Lemma 8.1. 

Proposition 9.6. Let K be a knot with v(K) = and rkH*(A s (K)) = 1 for all s G Z. 

Then, K is the unknot. More generally, 

g(K) = max(v(K), {s G ZlrkH^A^) > 1}). 
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Proof. Recall [21] that 

g(K) = max{t E Z\HFK(K,t) ^ 0}. 

This readily implies that the map v: A s — > CF(S 3 ) induces an isomorphism in ho- 
mology for all s > g(K): A s has a subcomplex C{i < 0,j — s}, the kernel of v s , which 
is easily seen to be acyclic (as it is filtered by subcomplexes whose associated graded 
has homology isomorphic to ® t>3 HFK(K,t)), and moreover its image in C{i = 0} 
consists of the subcomplex C{i = 0, j < s}, whose quotient is acyclic. 
Thus, we have proved that 

g(K) > max(u(K), {s G Z\rkH*(A s ) > 1}. 

Now consider 

> C{i < 0, j > g - 1} > C{max{i,j - g + 1) > 0} C{i > 0} > 0, 

where the midddle term here is, of course Since HFK(K,t) = H*(C{(0 : t)}) = 

for all t > g, it follows from the natural filtration that H*(C{i < Oj > g — 1}) = 
H*({(-l,g- 1)}) ^ H*(C{0, g}) = HFK{K,g) ^ 0. It follows at once that v g -i is not 
an isomorphism. It follows at once that either the map is not surjective, in which case 
v{K) — g — 1, or it has kernel, in which case rkif*(A 9 _i) > 1. □ 

Before stating the next result, we recall that the total rank of HF(Y) is independent 
of the orientation of Y: 

(33) vkHF(-Y) =rkHF(Y). 

(Indeed, in Proposition 2.5 of [23], it is shown that HF*(-Y) = HF*(Y).) 

Theorem 9.7. Let K C S 3 be a knot, and suppose that r and s are distinct rational 
numbers with the property that S 3 (K) = ±S 3 (K). Then, either S 3 (K) is an L-space, 
or r and s have opposite signs. 

Proof. Since Hi(S± p / q (K);Z) = Z/pZ, we can fix p throughout. Now, according 

to Proposition 9.5, for fixed p, and positive integral q, rkHF(S 3 ^ q (K)) is a monotone 
non-decreasing function of q. In fact, the function is strictly monotone except possibly 
for sufficiently small q, for which the rank is p. But this ensures that S 3 j q (K) is an 

L-space. The same remarks hold for the function rkHF(S 3 _ p ^ q (K)) for fixed p and 

positive, integral q. Since the total rank of HF{Y) is an invariant of the underlying 
(unoriented) three-manifold, of. Equation (33), the result holds. □ 
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Proposition 9.8. If K is a non-trivial knot with v{K) = 0, then if there are rational 
numbers r, s G Q with r ^ s and S 3 (K) = Sg(K), then r = ±s. 

Proof. According to Proposition 9.5, if rkHF(S* /q (K)) = ikHF(S* /ql (K)) for q' ^ 

±q, then rk£/*(A;) = 1 for all s. Now, in view of Proposition 9.6, K is the unknot, 
contrary to our assumption. Thus, it follows that for a cosmetic surgery on K, r = —s. 

□ 



Theorem 9.9. Let K C S 3 be a knot with Seifert genus equal to one. Then if S 3 (K) = 
S 3 (K) as oriented manifolds, then either S 3 (K) is an L-space orr = s. 

Proof. In view of Theorem 9.7, we can assume that r > and s < 0. 
As in the proof of Proposition 9.6, it is clear that 

v s : H*{A S {K)) ^HF(S 3 ) 

is an isomorphism for all s > 0. Also, v{K) < 1. 

We exclude the possibility that v{K) = 1. For Sf(K), we have that in any given 
Spin c structure, HF(S 3 (K),t) is described by 

Since this group is also described as the Floer homology of S 3 (K) with negative s, it 
has the form 

H,{A {K)) n (B¥ n+1 . 

Since rkH*(A (K)) ^ (since its Euler characteristic is 1), the equality of these two 
ranks forces at once that m = n + 1 and ikH^{AQ{K)) = 1. But it is easy to see that a 
relatively graded isomorphism 

H*(A (K)) n+1 ©F^ 1} H*(MK)) n [l] © F^J 1 

cannot possibly hold. 

In the case where v{K) = 0, we force a relatively graded isomorphism 

K n © F( ) = if [l] m © F( ), 

where here K is the kernel of the map on homology 

(v © h )* ■ H*(A ) — ► F © F. 

Such a relatively graded isomorphism can hold only if the rank of K is zero. In turn, 
this forces rk£/*(A ) = 1. From Proposition 9.6, it follows now that if is a trivial knot, 
contradicting our hypothesis. □ 
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By Proposition 9.5 (or alternatively [16]), a genus one knot with L-space surgeries 
is easily seen to have the knot Floer homology groups of the trefoil T. In particu- 
lar, if S?(K) = S 3 S {K), then it follows that HF + {Sf{T)) HF + {S 3 {T)) as Q-graded 
groups. Of course, HF + (S 3 (T)) can be calculated explicitly (for example using The- 
orem 1.2), and the authors know of no pair of distinct rational numbers r and s for 
which HF + (S?(T)) = HF + (S 3 S (T)). 

In a different direction, the algebra can be used in some cases to exclude cosmetic 
surgeries with a fixed numerator p (i.e. first homology of the surgered manifold). We 
content ourselves here with a discussion of the case where p = 3. 

Theorem 9.10. Suppose that K is a non-trivial knot. Then, if r,s G Q both with 
numerators having absolute value 3, and with r ^ s, we have that S 3 (K) ^ S 3 (K) as 
oriented manifolds. 

Proof. By Lemma 9.2, we can arrange that v{K) > 0. The possibility that v{K) > 3 
is excluded by counting ranks. According to Proposition 9.5, we have that 

HF(S 3 _ 3/q (K)) = 3 + q- (2(2u(K) - 1) + £ (rkff.(£) - l) j . 

When v{K) > 3, then for all q, we have that 

(34) 6 < (2u - l)q, 
and hence 

HF(Sl /q (K)) = -3 + q ■ (2(2v(K) - 1) + ^ (rkH.(A,) - l) j . 
It follows that 

vkHF(S! /q (K)) < rkHF(S 3 _ Vq (K)) 
< TkHF(S! /q+1 (K)), 
the latter inequality following from the fact that 

(35) 6<2(2iy(K)-l) + J2{ rkH *A)-i) ■ 

s 

It follows that three-manifolds {S^ q (K)} q< z% are all distinct. 

Next, we turn our attention to excluding v(K) = 2. In this case, the above argument 
can fail if Inequality (35) fails. (Note that when v(K) = 2 and q — 1, Inequality (34) 
fails, but it is still the case that rkHF(S^(K)) < rkHF(S^ 3 (K)).) Thus, it remains to 
exclude the possibility Si 3/q (K) - Sl /q+1 (K). Now, HF{S\ /q {K)) - HF(Sl /q+l (K)) 
forces equality, rather than the inequality of Equation (35). In particular, this forces 
rkH*(A s ) = 1 for all s and, since x(As) — 1> eacn H*(A 8 ) is supported in even degree. 
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The condition that v(K) = 2 and rkH*(A) = 1 forces both H*(A ) and H*(Ai) to be 
supported in negative degrees (c.f. [16]). On the one hand, H*(S^_ 3 ,, +1 JK), 0) is non- 
trivial in degree zero, while the even degree part of H*(S^ q (K), 0) is carried by elements 

from H^(A ) and H^(Ai), which in turn is supported in negative degrees. Observe that 
our use of absolute degree in this case is justified by the fact that L(3, 2) = — L(3, 1). 
We turn our attention now to the case where v{K) = 1. Let 

C = Y,(rkH m (A 9 )-iy 

s 

Inequality (35) holds (and hence leads to no cosmetic surgeries, as above) except if 
C — 0, 2, or 4. (Note that C is even.) In the case where C = 2, it follows from 
symmetry that rkif*(A ) = 3, and rkif*(A s ) = 1 for all s ^ 0. Thus, in the cases where 
C = or 2, 

Proposition 9.6 ensures that K is a knot with Seifert genus equal to one. According 
to Theorem 9.9, S^(K) must be an L-space. But if K is a knot with Seifert genus one, 
some positive surgery on K gives an L-space, then by considering Proposition 9.5, we 
can conclude Sy q (K) q = 1 or 2. But it the Q/Z-valued linking form ensures that 
Sl n {K)¥Sl /2 {K). 

When v(K) = 1, we are left with the remaining case that C — 4. Once again, since 
x{A s ) = 1, there are two ways in which the total rank C can in principle distribute 
over the H*(A S ): either H*(Aq) has rank 5 (and H*(A S ) has rank one for all other s) or 
there is exactly one positive s with rkif*(A s ) = H^A^g) = 3 and for all t with \t\ ^ \s\, 
TkH*(A t ) = 1. In the first case, Proposition 9.6 again ensures that g(K) = 1, and hence 
we can apply Theorem 9.9. 

We exclude S^ 3 / q (K) = Sy q+l (K) as follows. It is easy to see that in this case, in 
the model for the spin structure has the form 

HF(S 3 _ 3/q (K), 0) H*(A ) n {l] © © G' 

while 

HF(Sl /q+1 (K), 0) H*(A ) m+1 © Ff_ 1} © G. 
Here, G consists of some even number of copies of M, the kernel of 

(«)«,: H*(A a ) — >Z, 

each of which is shifted up some even amount; while G' consists of direct sum of some 
even number copies of M, each of which is shifted by an odd degree. Except in the case 
where n — 0, which coincides with the case where q — 2, which we need not consider, 
these shifts in degree for G' are downward. 
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Now, when q is even, then 

n = 2^L^-y^J+ 1 ^ and m = n-l, 

while if q is odd then 

n = 2 ( [|j + l) and m = n + l. 

In either case, we have that n ^ m (mod 2). It follows from the assumption that 
HF{Sl /g {K), 0) = HF(S 3 _ 3/q+1 (K), 0) readily that H*(Aq) ^ F ( _ 2) . Thus, we have that 

F^_ 1} © FJ+ 1 © G' = F^ 1} © F™+J © G. 

Assuming that n > 0, we have the maximal degree of any element of G' is smaller than 
the maximal degree of any element of G. It follows at once that H*(A S ) consists of Z 
in degree 0, and also the minimal degree of any element of G' is — 1. In fact, it follows 
that the rank of the degree zero part of G is n + 1, while the rank of the degree —1 
part of G is m + 1. However, since G and G' both have even rank in each degree, this 
contradicts the above observation that n and m have different parity. 

Finally, we turn attention to the case where v(K) = 0. Since K is a non-trivial knot, 
Proposition 9.8 ensures that the only possibility is that S^ q (K) = S^ q (K). But this 
is easily excluded by the Q/Z- valued linking form. □ 



9.1. Proofs of theorems in Subsection 1.2. Theorem 1.4 is a restatement of The- 
orem 9.9 proved above. Theorem 1.5 is stated and proved as Theorem 9.7 above. 
Theorem 1.6 is a restatement of Theorem 9.10 stated and proved above. 
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10. Seifert FIBERED SPACES 

Methods from this paper lead to the calculation of the Heegaard Floer homology 
groups of a large class of Seifert fibered spaces. The primary ingredients here are the 
calculation of the knot Floer homology of the "Borromean knot" (c.f. Section 9 of [22]), 
the knot O q / r considered in Section 7, and Theorem 6.1. Our aim here is to state and 
prove these results. 

Let h: Z — ► Z be a function with the property that 

lim h(s) = +oo. 

SI— >±oo 

We describe here a natural Z[?7]-module associated to X. It is interesting to compare 
the following construction with a construction of Nemethi [12], see also [19]. 

A well at height n > is a pair of integers with i < j — 2 and the property that 
h(k) < n for all i < k < j, while h(i) > n and h(j) > n. Let M n {h) denote the free 
Abelian group generated by W n (h). 

If x e W n (h) and y e W n -i(h), we write x > y if x = and y = (i',f) with 

i<i' <f < j. Define U : W n (h) — > W n -i(h) by the formula 

u-x= v> 

{yew n -i{h)\x> y } 

and let 

MF + (h) = Q)W n (h) 

716Z 

be the induced module over Z[U}. Indeed, we can view this as a graded Z[U] module 
by the grading which sends W n (h) to In. 

In the language of Nemethi, the set of wells forms a root, and MF + (h) is the associated 
Z[C/]-module. 

Let Y be a Seifert fibered space over a genus g orbifold with Seifert invariants 
(a, ri/qi, r n /q n ) over a genus g base, c.f. [29], [28], [7]. The orbifold degree is the 
quantity 

deg(F) = a + J2 7- 

Recall that bi(Y) is even if and only if deg(V) ^ 0. By reversing the orientation on Y, 
we can arrange for deg(F) > 0. 

There is a presentation of the first homology of Y as 

#!(£; Z) © Zm © Zmi © ... © Zm n 



(36) ^i(^;Z) = 



(c.f. below for more specifics). 



a-m + Yh=i ri-rrii = 0, 

r { ■ m - qi ■ rrii = 0, i = l,...,n 
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Theorem 10.1. Let Y be a Seifert fibered space over a genus g orbifold with posi- 
tive degree, and Seifert invariants (a, ri/qi, r n /q n ). There is an affine identification 
Spin c (F) = Hi(Y; Z) with the following properties. 

• The HF + (Y,s) is non-trivial only to those Spin c structures which are supported 
in the span of mo, m n (in the notation of Equation (36),). 

• Let s be some Spin c structure over Y , and let £ • m o + £i ' m i + ••• + £n • m n be 
a representative with with < £j < For integers —g < t < g, let b~ t :7L — > Z 
be the function defined by 

5 t (s) = (-iy+H +($> + a- 8 + EL^^j) , 

and h t : Z — > Z be the function 




Then, there is a relatively Z-graded isomorphism of Z[U]-modules: 
(37) HF + (Y,s)^ A 9+ *# 1 (£;Z)® z HF + (/i t ). 

-9<t<9 

In the above statement, the tensor product is to be taken in the graded sense: 
A 9+ *i7i(E;Z) is supported in grading t. Note also that the right-hand-side is graded 
only in the relative sense, corresponding to our choice of s. 

Note that in the case where g — 0, this recaptures (as a relatively Z-graded group) 
the description of HF + for rational homology Seifert fibered spaces given by Nemethi 
in terms of his "computational sequences". We prove Theorem 10.1 in Subsection 10.2 
below, after giving some sample calculations. 

Although we have described here the Floer homology only as a relatively graded 
group, the absolute grading can be obtained by comparing the summand corresponding 
to t — with the calculation of genus zero Seifert fibered spaces from [19], see also [12]. 

10.1. Sample calculations. We begin with some generalities. Suppose h: Z — > Z is 
a function with lim^-too h(s) = +oo. Let S(s) = h(s) — h(s — 1). Clearly, the rank of 
Kerf/ C MF + (h) agrees with the number of pairs of integers with % < j, 5(i) < 0, 
5(j) > and S(k) = for alH < k < j (i.e. these are the local minima of h). 

In the case of Theorem 10.1, explicitly finding these local minima is a straightforward 
matter: in the statement of the theorem, S t (s) differs from a linear function of s by a 
periodic function whose period is the least common multiple of 2 (when t ^ 0) and the 
integers {%}" = i- 

We use Theorem 10.1 to calculate the Seifert fibered space over a genus one base, 
and Seifert invariants (—1, \, |). Note that Hi(Y; Z) = Z 2 , and there is a unique Spin c 
structure with non-trivial HF + . 
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To calculate it, we proceed as follows. Observe that 

5 t (s + 6) = l + 6t(s). 
Moreover, the sequence {5o(s)}f=o is 

{0,-1,0,0,0,0} 

Set t — 0. The sequence of integers {h (i)} clearly has a unique local minimum. It 
follows that the corresponding summand of HF + (Y) is isomorphic to 

Hi(T 2 ) ®i T+ = (T+) 2 . 

In our subsequence descriptions, we will fix an absolute grading lifting the relative 
grading, with the additional convention that this corresponding summand of HF + (Y) 
is isomorphic to (T^) 2 . Indeed, this convention corresponds to the naturally induced 
absolute grading on HF + (Y), as can be seen by comparing against the case where 
g — 0, and observing that the Seifert fibered space with corresponding invariants is S 3 . 

When t = — 1, all of the minima of the sequence {/i-i(i)}igz clearly occur for —5 < 
% < 12, where {S-i(s)}l=_ 5 takes the form 

{-3, 0, -2, 0, -2, 1, -2, 1, -1, 1, -1, 2, -1, 2, 0, 2, 0, 3}. 

We plot the corresponding function {h-i(s)}^L_ 5 in Figure 4. It is clear from this 
description that the corresponding summand of HF + (Y) takes the form 

^e^-ijeZfi)- 

under the normalization convention established in the previous previous paragraph. 
In the case where t — 1, we have that {<5i (*)}f = __i 2 takes the form 

{-1,-2,0,-2,0,-1,0,-1,1,-1,1,0,1,0,2,0,2,1}, 

which clearly contains all the minima of {h-i(i)} for i 6 Z. It follows that the corre- 
sponding summand of HF + (Y) is of the form © ^(-i)- 



Figure 4. Height function for the Seifert fibered space with 
invariants (-1,1/2,2/3) at t= -1. 
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Putting this together, if Y denotes the Seifert fibered space over a genus one base with 
Seifert invariants (—1, 1/2, 2/3), then its Heegaard Floer homology can be described as 
a graded Z[U] module by 

HF + {Y) = Z 2 {1) © Zj_ 1} © (T+) 2 © (T^) 2 . 

10.2. Proof of Theorem 10.1. It is useful to have a mild generalization of the rational 
surgeries formula. 

Definition 10.2. Let K C Y be a null-homologous knot in a three-manifold Y . Fix an 
integer a and an n-tuple of rational numbers {— }" =1 . Consider an n-tuple of unknotted 
circles Oi each of which links K once, and which are pairwise mutually unlinked. Let 
Y(K,a,{qi/ri}2 =1 ) denote the three-manifold obtained as a-surgery on K, followed by 
— y surgery on each 0{. This three-manifold Y(K,a,{qi/ri}f =1 ) is said to be obtained 
as a generalized rational surgery on K C Y , with Seifert invariants (a, {<Zi/?"j}" =1 ). 

For fixed K C Y, let 

Y' = y#(#r=i£(9i,r0) and K' — K# (#" =1 ? ./ r .) 

in the notation of Section 7. Of course, Y(K, a, {?i/n}" =1 ) can be thought of as the 




-q/r -q/r -q/r 

n l 1 ^2 2 ^3 3 



Figure 5. A schematic illustration of generalized rational 
surgery. We take here n — 3. represents some initial knot, and 
{Qi/ r i}f=i represent surgery instructions on the unknots, while K is 
framed with framing a. The lightly drawn circles represent generators 
of the homology of the complement of the dark link (they are meridians). 
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As an example, if we start with the unknot K C S 3 and form the three-manifold 
S 3 (K, a, {Qi/Ti}2=i), we obtain the Seifert fibered space whose base has genus zero, n 
singular fibers, and Seifert invariants (a, {(&/rj}" =1 ), with the standard conventions. 
More generally, if we start with the Borromean knot B g C # 29 (S' 1 x S 2 ) (this is the 
knot obtained by taking zero surgery on two of the components of the Borromean rings 
to obtain a knot B\ in # 2 (5' 1 x S 2 ), and then taking the connected sum of g copies 
of Bi) , the resulting three-manifold # 2s (S' 1 x S 2 )(B g ,a, {qi/ri}2 =l ) is the Seifert space 
over a genus g base orbifold with Seifert invariants (a, {qi/ri}f =1 ). 

Of course, 

ifi(y - X; Z) © Zmi © ... © Zm n 



a-m + YJi=i m i = °> 

Ti ■ m - qi ■ rrii = 0, i = l,...,m 



where here m G Hi(Y — K; Z) denotes the homology class of the meridian of K. We 
can change basis, letting gi — di- m + h • mi, where here a, • % + n • bi — 1, to obtain a 
presentation 

„ , v , ^ „ ffi(y-^;Z)®Zff 1 ®...®Zff ra 

iii(T = —, — =j 

/ a • m + 2^ i=1 r-i-gi = 0, 

\mo-?i'ft = 0, i = 1, ...,m 

Consider the map 

(3: H^Y' - K'\ Z) — ► H^Y - K; Z) 

defined by 

+ £i-gi + + a • 9n) = + feL|j 

Letting N = a ■ m + X^=i r « ' be ^ ne P us h-off of K, we have that 
ifi(y(tf, a, {ft/ri}^); Z) - if^y' - K')/Z ■ N. 
Given E <E Hi(Y — K), define 

A fe = 0( s > ^W.-^ *)) and B & = 0( s > ^W^ y ))> 

and 

-^[E] : > ^[E] 

with 

^[E]{ Q s}sez = {b s }sez 
where a s e ^de g (£+ s .;v) and b * e 5+ g(B+s . JV) by 

&s = ^(£; + ( s _i).Ar)( a s-l) + v p(E+s-N) ( a «) ' 
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Proposition 10.3. Let K C Y be a null-homologous knot, and fix an E e Spin c (y — 
K'). Suppose moreover that bi(Y(K,a, {ft/n})) = &i00- There is a map f: H\{Y' — 
K') — > Spm c (Y(K,a, {qi/ri]) with the property that for each E <E Y' — K' for which 
Ci(f(E)) is a torsion class, we have that HF + {Y{K 1 a 1 {qi/r i }^ =l ) 1 f(E)) is identified 
with the homology of the mapping cone : — > . 

Proof. Like Theorem 1.1, this follows from a direct application of Theorems 6.1, 5.1, 
and the calculation of the invariant for O q / r C L(q,r) of Lemma 7.1. □ 

Theorem 10.1 follows quickly from Proposition 10.3, together with the calculation 
of the knot Floer homology of the Borromean knot (c.f. Section 9 of [22]), which we 
summarize here: 

Lemma 10.4. Let K C # 29 (S 2 x S* 1 ) be the Borromean knot. The Spin c structure over 
# 29 (S 2 x S 1 ) with trivial first Chern class is the only one whose induced knot filtration 
consists of non-zero groups. For that chain complex C , we have a splitting 

(38) C^0A t+9 // 1 (E;Z)® z Z[C/,C/- 1 ], 

t 

where this splitting corresponds to the various summands C{i — j —t}. In particular, 
there are identifications 

Af(^(S 2 xS 1 ),K) = 0A t+ »if 1 (I!;Z)<g>zT + 

t 

C{i > 0}(# 29 (S 2 x S 1 )^) 0A t+ "ffi(S;Z) ®^T + 

t 

Moreover, the following squares commute: 

rrmaxfO.t — s) 

A'+^E; Z) ® z T+ ^ ► A'+^E; Z) ® z T+ 



At 5 + 

rrmax(0, s — t) r±> 

A*+ff^i(I!; Z) ® z T+ ► A t+ ff^i(E; Z) ® z T+ — ^ A^+^E; Z) ® z T" 



where here all the vertical maps are induced by inclusions in the identification of Equa- 
tion (38). 
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Proof. Most of the above statements are a direct result of Proposition 9.2 of [22], 
which, together with the Kiinneth principle, gives that 

C{i,j} = [/-'(gjA^+^EjZ), 

with no differentials. The second square involves the identification between C{i > 0} 
and C{j > 0}, which is sends the subset C{i — j — t} to C{i — j = —t}, as explained 
in Proposition 5.2 of [25]. □ 



Lemma 10.5. Given a map 5: Z — > Z, consider the chain map 

D s : 0i s ^05 S) 

s s 

where all A s = T + = B s , defined by 

D s ({a s } se z) = {b s }sez 

where 
Letting 

s 
i=0 

we have that the homology of the mapping cone of Ds is M¥ + (h), provided that 
(39) lim h(s) = ±oo. 



Proof. The map Ds is surjective. It remains to identify its kernel. Given (i, j) e 
W n (h), consider the element {a s } s€ % defined by the property that 

{-l) k U h ^- n iii<k<j 
otherwise. 



a s = 



By linearity, we can extend this to a homomorphism W n (h) — > KerDs- It is straight- 
forward to verify that this extends to an isomorphism HF + (/i) — > KeiD s . □ 



Proof of Theorem 10.1. According to the adjunction inequality (c.f. Theorem 8.1 
of [23]), since the Thurston norm of Y is trivial, it follows that HF + (Y, s) is trivial for 
all Spin c structures with non-torsion Ci(s). According to the combination of Proposi- 
tion 10.3 and Lemma 10.4, given E, the Floer homology HF + (Y, [E]) splits as 

HF + (Y, [E]) 2* A^H 1 ^; Z) ® z X(t), 

tei 

where here X(t) is the homology of a chain complex satisfying the hypotheses of 
Lemma 10.5, for the function 5 t : Z — > Z as in the statement of the theorem. The 
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theorem now follows from the calculation in Lemma 10.5. Note that Equation (39) 
holds, since the orbifold has positive degree. □ 
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